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We compute the entanglement entropy and mutual information for two disjoint
intervals in two-dimensional conformal field theories as a function of time after a
local quench, using the replica trick and boundary conformal field theory. We obtain
explicit formulae for the universal contributions, which are leading in the regimes of,
for example, close or well-separated intervals of fixed length. The results are largely
consistent with the quasiparticle picture, in which entanglement above that present
in the ground state is carried by pairs of entangled, freely propagating excitations.
We also calculate the mutual information for two disjoint intervals in a proposed
holographic local quench, whose holographic energy-momentum tensor matches the
conformal field theory one. We find that the holographic mutual information shows
qualitative differences from the conformal field theory results and we discuss possible
interpretations of this.
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1. INTRODUCTION
The entanglement entropy SA for a single interval A, as well as one and two point corre-
lation functions of primary operators, after a local quench in a (1+1)-dimensional conformal
field theory (CFT) were computed in [1]. Certain issues were subsequently found with the
original analysis in [1] and addressed in [2]. Here we use the same methods to compute the
mutual information
IA,B = SA + SB − SA∪B , (1)
between two disjoint intervals A = [u1, v1] and B = [u2, v2].
1 The computation relies on the
replica trick, i.e., we first compute the mutual Re´nyi information
I
(n)
A,B = S
(n)
A + S
(n)
B − S(n)A∪B (2)
for integer n > 1, then analytically continue in n and take
IA,B = lim
n→1
I(n) . (3)
Here the S(n) are the Re´nyi entropies, defined by
S
(n)
A =
1
1− n log Tr ρ
n
A , (4)
1 In the following we will often suppress the subscript and just denote I = IA,B .
3where ρA is the reduced density matrix for region A, and the entanglement or von Neumann
entropy is given by
SA = −Tr ρA log ρA = lim
n→1
S
(n)
A = − limn→1
∂
∂n
Tr ρnA . (5)
Computing the entanglement entropy in (1+1)-dimensional quantum field theories for
more than one interval has been an active subject recently, beginning with the initial result
in [3], later recognized to be only true in special cases [4, 5]. The Re´nyi and von Neumann
entropies for an arbitrary number of intervals have been computed in the vacuum of a free
fermion [6–9] and for two intervals for a free (compact) boson [10, 11] (see [12] for recent
calculations to higher order in the short distance expansion for two intervals in a general
CFT).2 The apparent discrepancy between these results was explained in [13], which also
contains further results in this vein.
This can be generalized to certain time-dependent situations via conformal maps. The
first studies along these lines were of global quenches [14, 15]. These are situations in
which the system is initially (for t < 0) prepared in the ground state of a Hamiltonian
of a gapped field theory. At t = 0, the Hamiltonian suddenly becomes conformal, and
the system is then allowed to evolve undisturbed for t > 0. The strategy of [14, 15] to
compute correlators after this process is to treat them as path integrals on a bounded
complex surface in complex spacetime (real space times complex time), conformally map
this surface to the complex upper half plane (UHP) and compute the correlators in the
UHP using boundary conformal field theory (BCFT), also known as surface critical behavior
[16–18]. Using conformal symmetry, one can then pull back this UHP result to compute
the correlator of interest, and analytically continue to real time. We review this strategy in
detail in Section 2. A detailed review of CFT results along these lines is [2].
A two dimensional local quench is the process of two semi-infinite lines being joined at
their endpoints at an instant of time and subsequently evolving as a connected, infinite
system. The first CFT study of this process was [1], later elaborated in [2], using a gen-
eralization of the same computational strategy described above for a global quench. These
CFT local quench results have been successfully compared with semi-analytic and numerical
computations in critical spin chains [1, 19–22].
One of the motivations to study local quenches is that they produce entangled particles
in a localized region of spacetime and some universal aspects of this dynamical process
can be analyzed exactly using conformal field theory. Particle production also occurs in
global quenches but is spread over the entire system in a homogenous [14, 15] or slightly
inhomogenous way [23]. This particle production can be understood by considering sudden
changes to critical spin chain Hamiltonians [1, 14, 19, 24] or from quantum field theory
subject to changes in the geometry and topology of spacetime [25, 26]. The dynamics of the
particles goes a long way towards explaining the evolution of entanglement between various
subsystems. For example, it leads one to expect entanglement (above that already present
in the ground state) between, and only between, subsystems that are separately intersected
by the two halves of the lightcone of the quench event, see Fig. 1. This general picture is
referred to variously as a causality argument, lightcone effects, and the quasiparticle picture
2 The von Neumann entanglement entropy for the compact boson theory has only been found in certain
regimes, due to the difficulty of the analytic continuation of the Re´nyi entropies.
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Figure 1: Illustration of a local quench: two CFTs on half lines are joined instantaneously at their
boundaries. This generates left and right moving excitations that propagate along the lightcone of
the quench event and are entangled with each other. During the time period, in shaded red, that
the two intervals A and B are intersected by this lightcone, the entanglement leads to a mutual
information that is larger than the ground state value.
[14, 15]. The CFT mutual information calculations we perform are, in part, a check of this
picture.
Another motivation is that a local quench may be realizable experimentally. If so, it might
provide a way to measure the entanglement (Re´nyi) entropies [27–30]. It is conceivable,
then, that modifications of such setups could be used to measure the mutual information
between two subsystems, though we do not pursue this further here. See also [31] for possible
experimental realizations of dynamical topology changes in the context of non-relativistic
quantum mechanics and applications thereof.
There has been considerable work on relating multiple-region CFT entanglement entropy
computations (usually in the limit of large central charge) to holographic calculations based
on the Ryu-Takayanagi holographic entanglement entropy proposal [32] and its generaliza-
tion to time-dependent states [33]. For example, there have been studies in the ground
state [34–37], in thermal (black hole) states [38–42] and in some time-dependent situations
corresponding to global quenches [43–45].
This leads to the question: what is the holographic dual to a CFT local quench? Recently,
a holographic model of a local quench was proposed in [46], as the backreacted geometry
describing a massive particle falling in three-dimensional Poincare´ AdS space. (See also [47],
which modelled one feature of a local quench, namely a propagating pulse of energy.) In
[46] the authors compared the entanglement entropy of their model, computed using the
covariant holographic proposal [33], with the results for the CFT local quench, and found
rough agreement for times after the quench. We also show that, for specific parameter
choices, the expectation value of the holographic energy-momentum tensor exactly matches
that of a CFT after a local quench. In light of our field theory results, it is natural to
consider the mutual information in the model of [46], since it provides a more refined tool of
5analysis than the single interval entanglement entropy. We compute this below and compare
in detail with the CFT results. We discuss possible explanations and implications of the
differences we find between the holographic model and the local quench in the Conclusions
in Sec. 9.
As this work was being completed, [48] appeared, which contains material that overlaps
with our Secs. 5 and 8, as well as a new model for a holographic local quench. As we discuss
further in Sec. 8, this model has the same behavior, as far as the mutual information, as the
model in [46] in the regimes that we primarily study.
In more detail, the structure of the paper is as follows. In Sec. 2 we review the steps, first
worked out in [1, 14], in the calculation of the entanglement entropy of one and two intervals
in a local quench. We use these results in Sec. 3 to compute the time-evolution of the mutual
information between two disjoint intervals. In Sec. 4 we work out the expectation value of the
energy-momentum tensor after a local quench and show in Sec. 5 how it can also be obtained
through a Lorentzian transformation of the vacuum energy-momentum tensor. In the same
section we also show that this Lorentzian conformal transformation can be appropriately
promoted to a bulk diffeomorphism that maps the holographic dual of a 2d CFT in the
vacuum, i.e. empty AdS3, to the presumed holographic dual to a local quench. This geometry
was already worked out in [46] and proposed, on the basis of different arguments, as the
dual of a CFT local quench. We review the computation of the entanglement entropy in
this holographic setup in Sec. 6 and work out the holographic mutual information in Sec. 7,
extensively comparing with the CFT results. In Sec. 8, we present an alternative, equivalent,
method to compute the entanglement entropy in the holographic duals of two-dimensional
CFTs, first introduced in [47] and based on the Lorentzian transformation discussed in Sec. 5.
We conclude with a discussion of our results in Sec. 9. The main text is supplemented by
two appendices expanding on the regimes of universality of the CFT results (App. A) and
the geodesics that compute the holographic entanglement entropy (App. B).
2. ONE AND TWO INTERVAL ENTANGLEMENT ENTROPIES
We begin by reviewing how to compute the entanglement entropy after a local quench
using path integrals, conformal symmetry, and a particular conformal map. This is described
in the first applications of the method [1, 14] and further details are explained in a closely
related situation in [49].
2.1. Quench background
First we recall that the density operator ρ(t) = |ψ(t)〉〈ψ(t)| associated with a given time-
dependent pure state |ψ(t)〉 can be written in the following form, with respect to an arbitrary
basis {|φi〉},
〈φ2|ρ(t)|φ1〉 = 〈φ2|ψ(t)〉〈ψ(t)|φ1〉
= 〈φ2|e−iHt|ψ0〉〈ψ0|eiHt|φ1〉
= 〈ψ0|eiHt|φ1〉〈φ2|e−iHt|ψ0〉 , (6)
6where |ψ0〉 = |ψ(0)〉. To regulate UV divergences, we modify this matrix element as follows
[1, 14]:
〈φ2|ρ(t)|φ1〉 = N〈ψ0|eiHt−H |φ1〉〈φ2|e−iHt−H |ψ0〉 (7)
= N〈ψ0|e−H(−it+)|φ1〉〈φ2|e−H(it+)|ψ0〉 . (8)
Here N is a normalization factor ensuring that Tr ρ(t) = 1, which we write more explicitly
below. If we think of the CFT as arising from the continuum limit of a critical lattice system,
we can relate  to the lattice spacing [1], but it can also be thought of as an ultraviolet
regulator that damps out the high energy modes and makes the path integral absolutely
convergent. In the end we will want to consider all quantities asymptotically as we remove
the cut-off, though we do not strictly take the limit  → 0 since many quantities diverge.
For example, as we will see in Sec. 4, the total energy of the local quench state above the
ground state is inversely proportional to .
Following [1, 14], we represent the product of matrix elements in Eq. (8) as a path integral
analytically continued to imaginary time. The second factor in Eq. (8) is interpreted as a
path integral with boundary conditions that match |ψ0〉 at τ = −it −  and |φ2〉 at τ = 0,
while the first matches |φ1〉 at τ = 0 and |ψ0〉 at τ = −it+ . Together these can be written
as a single path integral with a discontinuous boundary condition at τ = 0. This setup can
also be translated so that the discontinuity occurs at an arbitrary imaginary time τ , and
the |ψ0〉 boundary conditions occur at imaginary times ±. We denote the Euclidean path
integral satisfying these boundary conditions by Z({−,+}, τ ;ψ0, {φ1, φ2}) and we first
perform the computation in the Euclidean CFT. We will see that the result is an analytic
function of τ in the strip Re τ ∈ (−,+); the result for real times is recovered by taking
τ → it at the end of the calculation.
We therefore have
〈φ2|ρ(t)|φ1〉 = NZ({−,+}, it;ψ0, {φ1, φ2}) . (9)
In this notation the normalization factor is given by
N−1 =
∫
X
Dφ Z({−,+}, it;ψ0, {φ, φ}) , (10)
where X denotes the boundary conditions on the path integral mentioned above. See [1, 14,
49] for further details.
2.2. Local quench conformal map
So far, everything we have described applies equally well to global or local quenches. The
boundary conditions at τ = ± corresponding to a local quench, where two semi-infinite
CFTs are suddenly joined into an infinite CFT, may be implemented by an appropriate
restriction of the spacetime over which the above path integrals are performed. Namely,
we consider a Euclidean spacetime W with semi-infinite boundaries dividing space into two
halves, extending for all τ < − and all τ > +, see Fig. 2a. We will be imposing conformal
boundary conditions on these boundaries ensuring, in particular, that neither energy nor
momentum can flow past them. As we will see, our main results do not depend on any
further details of the boundary conditions.
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Figure 2: Illustration of the mapping (11), with  = 0.1. The sample of points in the region
[−0.1, 0.1]× [−0.12, 0.12] in the w plane, shown in 2a, is mapped to the points in the z plane seen
in 2b. The twist operators are inserted at the points w1, w2, w3 and w4 and the branch cuts they
induce are shown with thin curvy lines. The thick curvy lines indicate the boundaries of W , which
are mapped to the imaginary axis in the z plane. We also show the image points in the left half of
the z plane and the conjugate points in the lower half plane.
Take complex coordinates w = x+ iτ for W , the w plane minus two semi-infinite lines on
the imaginary axis starting at ±i and extending away from the origin to infinity. We can
conformally map this space to the right half plane (RHP), {z : Re z > 0}, with its boundary
along the imaginary axis, by the conformal mapping [1, 2]
z =
1

(
w +
√
w2 + 2
)
. (11)
Here we are defining the square root to have a branch cut on the negative real axis, i.e., it
maps the unit circle minus the point −1 into the RHP. (We choose the RHP instead of the
UHP to facilitate comparison with previous results [1, 2].) The mapping is an example of a
Joukowsky transformation. It is invertible on the RHP and the inverse is given by
w = 
z2 − 1
2z
. (12)
In the next Section we will see how to compute the entanglement entropy in the RHP and
then we will use the conformal transformation (11) to obtain the desired results in W .
2.3. Entanglement entropy calculation
Now that we have formulated the problem of computing density matrix elements after
a local quench, we can turn to the calculation of the entanglement entropy associated with
8various spatial intervals. In the vacuum state of the CFT the various S(n) are proportional
to the vacuum correlators of n-twist operators inserted at points in spacetime corresponding
to the endpoints of the intervals. This was first shown in [3] and anticipated in the earlier
work [50]. We will explain, to some extent, why this is the case below. The twist operators
effectively glue n replicas of the spacetime of the CFT into a single surface with genus
(N − 1)(n − 1), where N is the number of intervals. For this reason, this is known as the
replica trick for computing the entanglement entropy. For example, S
(2)
A∪B is proportional to
a four point function of twist operators (inserted at the interval endpoints u1, v1, u2, v2) and
this is proportional to the partition function of the CFT on a torus [51].
We will use this same method to compute the Re´nyi entropies S
(n)
A∪B for two disjoint
intervals A = [u1, v1] and B = [u2, v2], but imposing the boundary conditions described
above to obtain results for the period after a local quench. The partial trace over the
complement of A∪B, needed to compute ρnA∪B, and the trace over ρnA∪B, needed to compute
S
(n)
A∪B, can both be realized by a path integral over n replica spacetimes joined together
along A and B. This joining procedure can be implemented using twist operators, as we
mentioned above, and is reviewed in, e.g., [2].
In more detail, denote a configuration of the field in A,B,C (where C is the complement
of A ∪ B) by {a, b, c}. Then the matrix element of the reduced density operator ρA∪B is
given by
〈a2, b2|ρA∪B(τ)|a1, b1〉 = 〈a2, b2|TrC ρ(τ)|a1, b1〉
=
∫
C
Dc NZ ({−,+}, τ ;ψ0, {φ1 = {a1, b1, c}, φ2 = {a2, b2, c}})
= NZ ({−,+}, τ ;ψ0, {{a1, b1}, {a2, b2}}) . (13)
This indicates that the discontinuous boundary condition is only discontinuous in the region
A ∪B; in C the configurations are continuous. Next,
Tr ρnA∪B(τ) =
∫
DaDb
∫
Da1Db1 · · ·
∫
Dan−1Dbn−1
〈a, b|ρA∪B(τ)|a1, b1〉 · · · 〈an−1, bn−1|ρA∪B(τ)|a, b〉
=
∫
DaDb
∫
Da1Db1 · · ·
∫
Dan−1Dbn−1
Nn Z ({−,+}, τ ;ψ0, {{a, b}, {a1, b1}})
· · ·Z ({−,+}, τ ;ψ0, {{an−1, bn−1}, {a, b}}) . (14)
The result can be put together into a single path integral over the n replica spacetimes joined
together along A and B, which is equivalent to a path integral over W with twist operator
insertions at the endpoints ofA andB [1–3]. This latter path integral is a correlation function
of four n-twist operators inserted at locations w1 = u1 + iτ , w2 = v1 + iτ , w3 = u2 + iτ and
w4 = v2 + iτ , that is,
Tr ρnA∪B(τ) = N
n
 〈σn(w1)σ˜n(w2)σn(w3)σ˜n(w4)〉 . (15)
The tildes on some of the twist operators indicate that they have opposite orientation, which
ensures that the various replica spacetimes are connected in the correct way. This method
is difficult to implement in general because the genus (N − 1)(n − 1) spacetime needed to
9compute the correlators cannot be conformally mapped (uniformized) to the plane (or UHP
or RHP). The path integral for the theory on these surfaces depends, for (N−1)(n−1) ≥ 1,
on the full operator content of the theory (not just its central charge), and the same goes
for the von Neumann and Re´nyi entropies. Specifically, for the case of N intervals [ui, vi],
global conformal invariance and the fact that the twist operators are conformal primaries
implies that for the ground state [2]
Tr ρnI = (cn)
N
(∏
j<k(uk − uj)(vk − vj)∏
j,k |vk − uj|
)2xn
Fn,N({ηi}), (16)
where I =
⋃
i[ui, vi],
xn =
c
12
(
n− 1
n
)
(17)
is the conformal weight of the twist operator [3, 52], cn is a non-universal constant and Fn,N
is a non-universal function of the 2N − 3 independent cross-ratios {ηi} formed by the 2N
points {ui, vi}. The dependence on the full operator content of the CFT is encoded in the
functions Fn,N , as exhibited explicitly in the short distance expansion in [11].
For local (and global) quenches we must compute Tr ρnI in a specific boundary CFT
(BCFT) that has concomitant non-universal constants c˜n and functions F˜n,2N (the number
of intervals is now effectively 2N since we have to include image points when performing
computations, as we explain below). We use tildes to distinguish quantities in BCFTs
from those in ordinary CFTs. The two are analogous, but those in BCFTs depend on the
boundary conditions of the theory, or equivalently on the bulk to boundary operators [53].
These non-universal quantities are known for some specific CFTs and BCFTs, e.g.,
Fn,N = 1 for the massless fermion theory considered in [6–9], Fn,2 is known for inte-
gers n ≥ 1 for the compactified boson theory [10, 11] (and also F2,N for N ≥ 1 at
the self-dual radius [13]), F˜n,2 = 1 (and c˜n = 1) for a boundary Gaussian theory and
F˜n,2 =
√
(1− η)1/2 + 1±
√
(1− η)1/2 − 1 for the critical Ising model/free fermion/self-dual
boson boundary theory, where the sign depends on the boundary conditions [16, 17]. The
constants c˜n and cn are known for some specific theories. See [54] for discussions and cal-
culations of the c˜n for the Ising and other models and [2] for further references. In general
we have c˜′1− c′1/2 = log g, where c˜′1 = limn→1 ∂nc˜n and log g is the Affleck-Ludwig boundary
entropy [1, 3, 55].
Fortunately, there are some regimes where we do not need to know these non-universal
data. In cases where all cross ratios ηi → 0, 1 or ∞, we have Fn,N → 1 and F˜n,2N → 1.
This follows from the short and long distance expansions of the twist operator correlation
functions [2, 11, 53, 56]. The physical reason for this is that in the ground state all corre-
lations between two disjoint regions should decay at large separations. This allows one to
compute universal results for correlators and entanglement entropies in specific regimes. It
was applied to CFTs following a global quench in [2], since for times, interval lengths and
separations large compared to both the UV regulator  and the initial inverse mass gap, the
cross-ratios go to 0, 1 or ∞.
In the case of the mutual information after a local quench we will need to consider the
cross ratios formed by the endpoints of one or two intervals and associated image points,
after the action of the appropriate conformal map. We are particularly interested in the
regimes where the results are universal, i.e., independent of F˜n,2 or F˜n,4 and so applicable to
CFTs in general. For example, in the regime of two intervals whose length is much smaller
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than their separation, the relevant cross ratios are indeed all approximately 0, 1 or ∞, and
hence the leading contribution is universal. We study this case in detail below. We analyze
the relevant cross-ratios in detail in Appendix A; for now it suffices to bear in mind that
the results we present are typically universal in regimes with a large separation between the
length scales of the problem.
We now address the first step in the computation of S
(n)
A∪B in Eq. (4), namely the com-
putation of the correlation function of four n-twist operators σn in the RHP
〈σn(z1)σ˜n(z2)σn(z3)σ˜n(z4)〉 . (18)
Using the conformal map in Eq. (11), we can then transform Eq. (18) to obtain Tr ρnA∪B
in W , via Eq. (15). Since the σn are conformal primaries with weight xn [3, 52], global
conformal invariance restricts the form of this four-point function to the following function
of distances between operator insertion points z1, . . . , z4 and image points z5, . . . , z8 [3]:
〈σn(z1)σ˜n(z2)σn(z3)σ˜n(z4)〉 = (c˜n)4
(
DuDv
Duv
)xn
F˜n,4({ηi}) . (19)
Here
Du = z75z73z71z53z51z31 = z2¯4¯z˜2¯3z˜2¯1z˜4¯3z˜4¯1z31
Dv = z86z84z82z64z62z42 = z1¯3¯z˜1¯4z˜1¯2z˜3¯4z˜3¯2z42
Duv = (z21z23z25z27)(z41z43z45z47)(z61z63z65z67)(z81z83z85z87)
= (z21z23z˜24¯z˜22¯)(z41z43z˜44¯z˜42¯)(z˜3¯1z˜3¯3z3¯4¯z3¯2¯)(z˜1¯1z˜1¯3z1¯4¯z1¯2¯) , (20)
and we have used z5 = −z¯4, z6 = −z¯3, z7 = −z¯2, z8 = −z¯1 to express the quantities in the
second equalities in Eq. (20) in terms of points in the right half plane alone, and defined
zij¯ = |zi − z¯j|, z˜ij¯ = |zi + z¯j|, etc. This is an application of Eq. (16), modified to the case
of a boundary CFT as in [3], and corresponds to an eight point function of twist operators
inserted at z1, . . . , z4 and at the image points z5, . . . , z8 (see Fig. 2). Here we are using the
method of images, which allows one to compute correlation functions of primary operators
in the right half plane by computing a correlation function in the full complex plane, with
each operator insertion doubled to include an image insertion in the left half plane [16, 17].
As we said, c˜n is a non-universal constant that depends on the particular boundary CFT;
we will see it cancels out in the computation of the mutual information. As mentioned
above, we consider regimes where F˜n,4({ηi}) → 1, because of the behavior of the ηi, which
we discuss in detail in Appendix A. Finally, Eq. (19) should be understood as an asymptotic
result in the limit in which the ratio of  over all time and length scales goes to zero. We
will be primarily interested in the leading order results in this limit.
We want to compute the correlator in W as in Eq. (15). Since the σn are conformal
primaries, we can apply the conformal map in Eq. (11) to Eq. (19), and then pull back to
get the desired result in W :
Tr ρnA∪B = (c˜n)
4
(
a4
∣∣∣∣ dzdw
∣∣∣∣
w1
∣∣∣∣ dzdw
∣∣∣∣
w2
∣∣∣∣ dzdw
∣∣∣∣
w3
∣∣∣∣ dzdw
∣∣∣∣
w4
DuDv
Duv
)xn
F˜n,4({ηi}), (21)
where we have made explicit the dependence on a UV cutoff length a, e.g., the lattice
spacing, and now the various Di and ηi are written as functions of the wi via Eq. (11). The
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quantity a is required on dimensional grounds; we will see that it cancels out in the mutual
information.
The expressions for the entanglement entropy of the single intervals A and B are similar
but simpler, in that they involve two point functions in the right half plane,
〈σn(z1)σ˜n(z2)〉 , (22)
and are given in [1], although their expressions need to be modified by the non-universal
factors F˜n,2(η) in general. The reasoning is the same as above, and we end up with
Tr ρnA = (c˜n)
2
(
a2
∣∣∣∣ dzdw
∣∣∣∣
w1
∣∣∣∣ dzdw
∣∣∣∣
w2
z˜2¯1z˜1¯2
z21z˜22¯z˜1¯1z1¯2¯
)xn
F˜n,2(η) , (23)
where in this case there is only one cross-ratio η, which we discuss in Appendix A. The
expression for Tr ρnB is the same, with w1 and w2 replaced by w3 and w4.
From Eqs. (21) and (23) we can compute the Re´nyi entropies S
(n)
A∪B and S
(n)
A , using Eq. (4),
and the entanglement entropy through Eq. (5). For the latter we have:
SA = − c
6
ln
(
a2
∣∣∣∣ dzdw
∣∣∣∣
w1
∣∣∣∣ dzdw
∣∣∣∣
w2
z˜2¯1z˜1¯2
z21z˜22¯z˜1¯1z1¯2¯
)
+ 2c˜′1 + F˜ ′1,2(η) (24)
SA∪B = − c
6
ln
(
a4
∣∣∣∣ dzdw
∣∣∣∣
w1
∣∣∣∣ dzdw
∣∣∣∣
w2
∣∣∣∣ dzdw
∣∣∣∣
w3
∣∣∣∣ dzdw
∣∣∣∣
w4
DuDv
Duv
)
+ 4c˜′1 + F˜ ′1,4({ηi}) , (25)
where F˜ ′1,2N(η) = −∂nF˜ ′n,2N(η)|n=1, c˜′1 = −∂nc˜1|n=1 and we have used c˜1 = F˜1,N = 1, which
follow from the normalization condition Tr ρ = 1. Analytically continuing τ → it gives us
the values of the entanglement entropies a time t after the local quench. From these we can
get the mutual information in Eq. (1), as we do in Sec. 3. Alternatively, from the Re´nyi
entropies, one can also obtain the Re´nyi information, using Eq. (2), which yields the mutual
information in the n→ 1 limit.
2.4. Explicit expressions in the limit t, ` 
2.4.1. Single interval
The entanglement entropy for a single interval (`1, `2) following a local quench, Eq. (24),
was obtained in [1, 2] by Calabrese and Cardy and here we briefly summarize their results.
We assume that `2 > 0 and `2 > |`1|; all other cases are easily inferred by renaming the
interval endpoints. This situation corresponds to twist operator insertions in W at points
wp = `p + iτ with p = 1, 2, which are mapped to zp, p = 1, 2 through Eq. (11). As we
explain in detail in Appendix A when discussing the analogous computation of cross ratios,
Eq. (24) simplifies significantly after taking τ → it in the t, `1, `2   limit. We will often
refer to the latter as the small  limit. For example, to leading order in , we have:
z1 = w1 +
√
w21 = `1 − t+ max[`1, t]−min[`1, t] (26)
z¯1 = w¯1 +
√
w¯21 = `1 + t+ max[`1, t] + min[`1, t] (27)
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so that
z11¯ =  |z1 − z¯1| = 2|t+ min[`1, t]| =
{
4t 0 < t < `1
2(`1 + t) t > `1
. (28)
In some cases, the leading non-zero term is at a higher order in . The various Taylor
expansions were facilitated by the software program Mathematica.
Combining all contributions, to leading non-trivial order in , for t < |`1| the entanglement
entropy reads [1, 2]:
S(t < |`1|) =
{
c
6
ln 4`2|`1|
a2
+ 2c˜′1 + F˜ ′1,2(η) `1 < 0
c
6
ln 4`1`2(`2−`1)
2
a2(`1+`2)2
+ 2c˜′1 + F˜ ′1,2(η) `1 > 0 ,
(29)
while for |`1| < t < `2:
S(|`1| < t < `2) = c
6
ln
4`2(`2 − `1)(`2 − t)(t2 − `21)
a2(`1 + `2)(`2 + t)
+ 2c˜′1 + F˜ ′1,2(η) (30)
and for t > `2:
S(t > `2) =
c
3
ln
`2 − `1
a
+ 2c˜′1 + F˜ ′1,2(η) . (31)
The cross ratio η is given explicitly in Eqs. (A6)-(A8) in Appendix A. Notice in particular
that η(t > `2) = 1, so that F˜ ′1,2(η) vanishes for t > `2. Moreover, F˜ ′1,2(η) vanishes for all
times if `2  `1 > 0 or for `1  `2 − `1(> 0), and in these cases the results above are
universal. We plot these universal contributions in Figures 4 and 5 below.
The early time expressions in Eq. (29) correspond respectively to the sum of ground state
entanglement entropies for two slits (0, |`1|), (0, `2) in a half line and to the ground state
entanglement entropy for a slit (`1, `2) in a half line [1, 2].
As in [1, 2], we fix the regulator  in terms of the non-universal constant c˜′1 by demanding
that at t = 0 the two half lines are disentangled, i.e.

a
=
e−6c˜
′
1/c
2
. (32)
It is then possible to eliminate the UV cutoff a and the constant c˜′1 from the formulae above
in favor of  alone, leading to:
S(t < |`1|) =
{
c
6
ln `2|`1|
2
+ F˜ ′1,2(η) `1 < 0
c
6
ln `1`2(`2−`1)
2
2(`1+`2)2
+ F˜ ′1,2(η) `1 > 0 ,
(33)
S(|`1| < t < `2) = c
6
ln
`2(`2 − `1)(`2 − t)(t2 − `21)
3(`1 + `2)(`2 + t)
+ F˜ ′1,2(η) (34)
and
S(t > `2) =
c
3
ln
`2 − `1
2
. (35)
In the case of a symmetric interval −`1 = `2 ≡ `, the universal contribution to the entan-
glement entropy reduces to
S =
c
3
ln
`

(36)
for all times. This constant behavior is expected from the quasiparticle picture, since at no
time during the whole evolution are there quasiparticles inside the interval that are entangled
with quasiparticles outside.
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2.4.2. Two intervals
The formula for the two-interval entanglement entropy in Eq. (25), written in terms of
the interval endpoints up, vp and time t, is quite complicated in general, but we may write
simpler analytic forms in certain cases. For example, we can consider the case of symmetric
intervals: A = [−(d/2 + `),−d/2], B = [d/2, d/2 + `] (see Fig. 3 (i)), for which the leading
order expression in  is
SA∪B(t) =
c
3
ln
(
dl2(2l + d)
a2(d+ l)2
)
+ 4c˜′1 + F˜ ′1,4({ηi}) (37)
for all times. The universal part of this expression is equal to the universal contribution
to SA∪B for two intervals of length ` and separation d in the ground state of an infinite
two-dimensional CFT, as can be seen from Eq. (16). This constant behavior is expected
from the quasiparticle picture, as in the symmetric single interval case discussed above.
` `
` `
``
d
d−x x
x d
(i)
(ii)
(iii)
Figure 3: We illustrate various configurations of intervals and associated parameters: (i) symmetric
intervals, (ii) asymmetric intervals and (iii) intervals on the same side of the quench.
It is useful to also be slightly more general, and consider equal length, asymmet-
ric intervals A = [−(d − x + `),−(d − x)], B = [x, x + `] (see Fig. 3 (ii)). Here
x is the amount the intervals have been shifted (to the right) from the configuration
A = [−(d + `),−d], B = [0, `]. This corresponds to insertions of twist operators at
w1 = −(d − x + `) + iτ, w2 = −(d − x) + iτ, w3 = x + iτ, w4 = x + ` + iτ and without
loss of generality we have assumed 0 < d− x < x.
In Fig. 4 we show the entanglement entropies SA, SB and SA∪B as a function of time.
We choose the intervals such that the contributions from the non-universal functions are
suppressed. As derived in Appendix A, this means we consider the two regimes d/`  1
and d/`  1. The basic features of these plots can be understood from the quasiparticle
picture. However, as we will see in the next section, the mutual information exhibits some
features that go beyond this picture.
It can be seen from Fig. 4 that the time dependence of the entanglement entropy of two
asymmetric intervals is approximately symmetric about the time tmid =
1
2
(d + `), and that
it is approximately constant outside the interval [d − x, x + `]. There are thus two time
intervals with an interesting time dependence: ∆t2 = (d − x, x) and ∆t3 = (x, d − x + `)
(when x < d − x + `). In these time ranges the two-interval entanglement entropy reads
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Figure 4: Entanglement entropies (rescaled by c/6) for one and two asymmetric intervals, in the
universal regimes. In the top plots A = [−11,−10] and B = [10.5, 11.5], below A = [−31,−1],
B = [3, 33]. Here  = 0.01 and a, c˜′1 have been eliminated in favor of  using Eq. (32).
respectively
SA∪B(t ∈ ∆t2) =
c
6
ln
(
16xd`3(`+ d− x)(`+ x)(`− d+ 2x)(t2 − (d− x)2)(x− t)(`+ d− x− t)(`+ x+ t)
a4(2x− d)(`+ 2d− 2x)(`+ 2x)2(`+ d)(x+ t)(`+ d− x+ t)(`+ x− t)
)
+ 4c˜′1 + F˜ ′1,4({ηi}) (38)
and
SA∪B(t ∈ ∆t3) = c
6
ln
(
4d2`2(`+ d− x)(`+ x)(`2 − (d− 2x)2)
a4(`+ 2d− 2x)(`+ 2x)(`+ d)2
)
+ 4c˜′1 + F˜ ′1,4({ηi}) . (39)
In the interval ∆t3 = (x, d−x+ `) the entropy is constant, as also shown in Fig. 4. At early
times, t ∈ ∆t1 = (0, d−x), and late times, t ∈ ∆t5 = (x+ `,∞), SA∪B is also approximately
constant. At early times, it is the sum of the entropies for two intervals each in the ground
state of a semi-infinite BCFT, while at late times it is the entropy for two intervals both in
the ground state of a connected, infinite CFT.
Analogous expressions can be obtained for the case of two intervals lying on the same
side of the quench and for the case where one of the two intervals overlaps the defect at the
origin, although for compactness we do not report them explicitly here. We plot two such
examples in Fig. 5.
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Figure 5: Entanglement entropies (rescaled by c/6) for one and two intervals on the same side of
the quench, or overlapping it, in universal regimes. In the top plots A = [10, 11] and B = [20, 21],
below A = [−0.5, 1], B = [15, 16.5]. Here  = 0.01 and a, c˜′1 have been eliminated in favor of 
using Eq. (32).
3. MUTUAL INFORMATION
From the expressions in Eqs. (23) and (21), and using Eqs. (4) and (2), one obtains the
mutual Re´nyi information:
I(n) = S
(n)
A + S
(n)
B − S(n)A∪B
= −c(1 + n)
12n
ln
(
z23z˜24¯z41z˜42¯z˜3¯1z3¯2¯z˜1¯3z1¯4¯
z2¯4¯z˜2¯3z˜4¯1z31z1¯3¯z˜1¯4z˜3¯2z42
)
+
1
1− n ln
F˜n,2(ηA)F˜n,2(ηB)
F˜n,4({ηi})
, (40)
where notice that all the Jacobian terms and non-universal constants a, c˜n cancel out. Taking
the limit n → 1, or directly from the entanglement entropy expressions in Eqs. (24) and
(25), one obtains the mutual information
I = − c
6
ln
(
z23z˜24¯z41z˜42¯z˜3¯1z3¯2¯z˜1¯3z1¯4¯
z2¯4¯z˜2¯3z˜4¯1z31z1¯3¯z˜1¯4z˜3¯2z42
)
+ F˜ ′1,2(ηA) + F˜ ′1,2(ηB)− F˜ ′1,4({ηi}) (41)
= − c
6
ln |η8361η8541η7632η7452|+ F˜ ′1,2(ηA) + F˜ ′1,2(ηB)− F˜ ′1,4({ηi}) . (42)
We now take the analytic continuation to real time and consider specific cases to obtain
more insight into the evolution of the mutual information after a local quench. For simplicity,
from here onwards we neglect the non-universal functions in Eq. (41) and so the results we
present below hold only in the universal regimes.
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3.1. Symmetric intervals
We first consider the case of symmetric intervalsA = [−(d/2+`),−d/2], B = [d/2, d/2+`],
see Fig. 3 (i). In accordance with the quasiparticle picture, the mutual information is always
non-zero only in the time range t ∈ [d/2, d/2+`], where its graph has the hump-shaped profile
shown in Fig. 6. The latter, to leading order in  and for large enough d/`, is independent
of the separation between the two intervals, as can be observed in Fig. 6.
10 12 14 16 18 20
t
2
4
6
8
I
Figure 6: Time evolution of the mutual information (rescaled by c/6) for symmetric intervals of
length ` = 1 at distances d = 20, 24, 28, 32, 36 from left to right. Here we have set  = 0.01.
As for the entanglement entropy, we can obtain explicit analytic results in the limit of
small  as compared to all other length and times scales. To leading non-trivial order in ,
we have:
I =

0 t < d
2
c
3
ln
2(d+`)( d2+`−t)
(
t2− d2
4
)
 d `( d2+`+t)
d
2
< t < d
2
+ `
c
3
ln (d+`)
2
d(d+2`)
t > d
2
+ `
(43)
where recall that all non-universal factors are negligible in the two limits d/` 1 or d/` 1.
The time dependence of the universal contribution to I for the symmetric intervals case
(the humps in Fig. 6) is identical to that of the entanglement entropy for a single interval
after a local quench in Eq. (34). This is because in that time interval the universal part of
SA∪B is constant to leading order in , as discussed in Sec. 2.4.2. The approximate location
of the maximum is tmid = (d + `)/2, at which the mutual information for well separated
intervals with d/` 1 takes the value
I(tmid) ≈ c
3
ln
`
2
, (44)
which is indeed d independent as anticipated above. This creation of long range entanglement
is an important physical effect that we discuss further in the Conclusions in Sec. 9.
Note also that the mutual information grows like log 1

at intermediate times, as the ratios
/`, /d, /t go to zero, while there is no such growth at early and late times. Recall that
 is a UV regulator, so that the mutual information during the time interval (d/2, d/2 + `)
will be dominant as one includes higher energy scales.
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3.2. Equal length asymmetric intervals
The case of asymmetric intervals A = [−(d−x+`),−(d−x)] B = [x, x+`], see Fig. 3 (ii),
is richer, and we plot some examples in Fig. 7. The general behavior is again consistent with
the quasiparticle picture and can be analyzed further using explicit analytic expressions in
the limit of small .
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Figure 7: Mutual information I[−11,−10],[10+j/2,11+j/2] (rescaled by c/6) as a function of time for
j = 0, 1, 2, 3, 4 (from left to right) with  = 0.01.
We consider first the case d− x < x < d− x+ ` and as before define the time intervals:
∆t1 = (0, d − x), ∆t2 = (d − x, x), ∆t3 = (x, d − x + `), ∆t4 = (d − x + `, x + `) and
∆t5 = (x + `,∞). I is constant during ∆t1 and ∆t5 and coincides respectively with the
early and late time value that we obtained for a symmetric interval:
I(t ∈ ∆t1) = 0 , (45)
I(t ∈ ∆t5) = c
3
ln
(d+ `)2
d(d+ 2`)
. (46)
For asymmetric intervals at intermediate times, the hump of the symmetric case is instead
deformed to
I(t ∈ ∆t2) = c
6
ln
(2x− d)(d+ `)(x+ t)(`+ x− t)
d(`− d+ 2x)(x− t)(`+ x+ t) , (47)
I(t ∈ ∆t3) = c
6
ln
4(x+ `)(d+ `)2(d− x+ `− t)(t2 − (d− x)2)(x+ `− t)(t2 − x2)
2d2(`+ x)(`2 − (d− 2x)2)(d− x+ `+ t)(x+ `+ t) , (48)
I(t ∈ ∆t4) = c
6
ln
(2x− d)(d+ `)3 (t2 − (d− x)2)
d2(d+ 2`)(`− d+ 2x) (t2 − (d− x+ `)2) . (49)
The non-universal functions can be neglected in the regimes d− x, x ` and d− x, x `
(see Appendix A).
In the case in which x > d − x + `, corresponding to the last two curves in Fig. 7, the
mutual information instead reaches a constant at intermediate times
I(d− x+ ` < t < x) = c
6
ln
(d+ `)2(d− 2x)2
d(d+ 2`)((d− 2x)2 − `2) . (50)
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This behavior, as well as that shown in Eqs. (47) and (49), is not captured by the quasi-
particle picture. Eqs. (47) and (49) show interpolation between the values for the mutual
information in the ground states of the half-line BCFTs and the infinite CFT. Note that
the mutual information in these time periods is independent of , and so is, in some sense,
independent of the strength of the quench.
3.3. Intervals on the same side of the quench
It is also interesting to consider a pair of non-overlapping intervals on the same side of
the quench, A = [x, x + `], B = [x + ` + d, x + 2` + d], where x, `, d > 0, see Fig. 3 (iii).
Similarly to what we did above, we consider the time intervals δt1 = (0, x), δt2 = (x, x+ `),
δt3 = (x+ `, x+ `+ d), δt4 = (x+ `+ d, x+ 2`+ d) and δt5 = (x+ 2`+ d,∞).
In the time intervals δt1, δt3 and δt5 the leading order behavior in the small  expansion
is time-independent. Proceeding as above we obtain
I(t ∈ δt1) = c
3
ln
(`+ d)2(2x+ 2`+ d)2
d(2x+ `+ d)(2`+ d)(2x+ 3`+ d)
. (51)
In this first time interval we effectively have two intervals in the ground state of a semi-
infinite BCFT, which is time-independent and dependent on the separation d, lengths ` and
distance from the boundary x, as expected. In the case where x = 0 this takes the simple
form
I(t ∈ δt1)
∣∣∣
x=0
=
c
3
ln
(`+ d)(2`+ d)
d(3`+ d)
, (52)
while in the limit that the intervals are far from the boundary, x d, `, we have
I(t ∈ δt1)
∣∣∣
xd,`
=
c
3
ln
(`+ d)2
d(2`+ d)
. (53)
The latter matches the value for the mutual information between two intervals in the ground
state of an infinite CFT (in the regime where also F˜1,4 = 1). We also expect this to be the
value for the mutual information during δt5, after both intervals have been “notified” that
they are in a connected, infinite CFT, and indeed we have
I(t ∈ δt5) = c
3
ln
(`+ d)2
d(2`+ d)
. (54)
The interval δt3, during which the quasiparticles emitted from the quench are passing be-
tween A and B, is an intermediate time where the mutual information is constant, but does
not correspond to the ground state value for either an infinite or semi-infinite CFT:
I(t ∈ δt3) = c
6
ln
(`+ d)2(2x+ 2`+ d)2
d(2x+ `+ d)(2`+ d)(2x+ 3`+ d)
. (55)
It approaches half of the infinite CFT value in Eq. (54) for x `, d.
Next we have some time-dependent behavior that transitions between the above constant
values:
I(t ∈ δt2) = c
6
ln
(`+ d)3(2x+ 2`+ d)3(x+ `+ d− t)(x+ 2`+ d+ t)
d2(2x+ `+ d)(2`+ d)(2x+ 3`+ d)2(x+ `+ d+ t)(x+ 2`+ d− t) , (56)
I(t ∈ δt4) = c
6
ln
(`+ d)3(2x+ 2`+ d)(t− (x+ `))(x+ `+ t)
d2(2`+ d)(2x+ 3`+ d)(t2 − x2) . (57)
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These results for the time evolution of the mutual information for two intervals on the same
side of the quench are not corrected by non-universal functions if d `, x or if x d `,
as discussed in App. A. We plot some such examples in Fig. 8 (A).
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Figure 8: Evolution of the mutual information (rescaled by c/6) in the universal regime for d = 20
and (A) ` = 1, x = 1, 2, 3, (B) ` = 2.5, x = −1,−0.5, 0 from left to right, and  = 0.01.
Finally, one should also consider the case in which the interval to the left has some overlap
with the defect at the origin (i.e. x < 0). The mutual information is in this case similar to
the above, as displayed in Fig. 8 (B).
4. ENERGY-MOMENTUM TENSOR
One and two-point correlation functions of primary operators after a local quench were
studied in [1]. As a quasi-primary operator, the energy-momentum tensor has a more compli-
cated transformation rule than primary operators. Under a general conformal transformation
z(w) the holomorphic part of the energy-momentum tensor transforms by Jacobian factors
and by the addition of a term proportional to the Schwarzian derivative [17, 57]. The precise
form depends on which convention one chooses for the definition of the energy-momentum
tensor. Here we use that of [58]. In Lorentzian signature this reads
T µν ≡ 2√|g| δSδgµν , (58)
which differs in the overall sign from [17], but facilitates comparison to holographic energy
momentum tensors later on. We define the Euclidean signature tensor by taking the standard
tensor transformation rule, see Eq. (64) below, under the change of coordinates τ = it. This
leads to the following transformation law in complex Euclidean coordinates.
Tww(w) =
(
dz
dw
)2
Tzz(z(w))− c
24pi
(Sz)(w) , (59)
where (Sz)(w) is the Schwarzian derivative, given by
(Sz)(w) =
z′z′′′ − 3
2
(z′′)2
(z′)2
∣∣∣∣
w
, (60)
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and z′ = dz/dw. In other words, Eq. (59) gives the pullback of Tzz under z(w). The
transformation properties of the anti-holomorphic part Tz¯z¯(z¯) are obtained by conjugating
the above equations.
In the RHP we have 〈Tab(z)〉 = 0. This may be seen from the boundary version of the
conformal Ward identity [18]
〈Tzz(z)φ(w, w¯)〉 =
(
h
(z − w)2 +
1
z − w∂w +
h¯
(z¯ − w¯)2 +
1
z¯ + w¯
∂w¯
)
〈φ(w, w¯)〉 , (61)
by taking φ to be the identity operator, a primary operator with weights (0, 0). An analogous
equation fixes 〈Tz¯z¯(z¯)〉 = 0. We can also argue that this is the case as follows. In the RHP
spacetime of a BCFT the global conformal symmetry is reduced to the PSL(2,R) subgroup
that preserves the boundary on the imaginary axis. Invariance under this group forces the
vacuum expectation values 〈Tzz(z)〉 and 〈Tz¯z¯(z¯)〉 to be constants. The conformal boundary
condition, which ensures that no energy or momentum flows across the boundary, then
implies that these constants are equal on the imaginary axis and so equal everywhere. In
order to have a finite total energy, this constant has to be zero.
Taking the ground state in the RHP means that there are no operator insertions anywhere
in the right half plane, and under the action of the map in Eq. (11) this translates to no
operator insertion in W , i.e., we are considering the ground states |ψ0〉 of the disconnected
theories as an initial condition. Taking expectation values of Eq. (59) and applying the local
quench mapping of Eq. (11), we obtain:3
〈Tww(w)〉 = c
24pi
(Sz)(w) =
c
16pi
2
(w2 + 2)2
(62)
and similarly
〈Tw¯w¯(w¯)〉 = c
24pi
(Sz¯)(w¯) =
c
16pi
2
(w¯2 + 2)2
. (63)
We can transform these to x = 1
2
(w + w¯) and τ = i
2
(w¯ − w) coordinates using
Tab(x, τ) = ∂aw
c∂bw
dTcd(x+ iτ, x− iτ) , (64)
so that
Tττ (x, τ) = −Txx(x, τ) = −(Tww(x+ iτ) + Tw¯w¯(x− iτ)) (65)
Tτx(x, τ) = Txτ (x, τ) = i(Tww(x+ iτ)− Tw¯w¯(x− iτ)) . (66)
Analytically continuing to real time τ → it, we have
〈Ttt(x, t)〉 = 〈Txx(x, t)〉 = c
16pi
(
2
((x− t)2 + 2)2 +
2
((x+ t)2 + 2)2
)
(67)
〈Ttx(x, t)〉 = 〈Txt(x, t)〉 = − c
16pi
(
2
((x− t)2 + 2)2 −
2
((x+ t)2 + 2)2
)
. (68)
3 The energy-momentum tensor after a local quench was also computed in [22, 48], and after a global quench
in [56].
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Figure 9: The expectation value of the energy density 〈Ttt(x, t)〉 given in Eq. (67) with c = 1 and
 = 0.2.
We plot the energy density 〈Ttt(x, t)〉 in Fig. 9 below.
In null coordinates x± = x± t, we have
〈T±±(x±)〉 = c
16pi
2
(x2± + 2)2
, (69)
and 〈T±∓(x±)〉 = 0. The total energy is given by
ECFT =
∫ ∞
−∞
〈Ttt(x, t)〉 dx = c
16
. (70)
Notably, both the total energy and the energy density at x = t diverge as  → 0. This
may be attributed to the instantaneous nature of the quench, which may excite modes of
arbitrarily high frequency, as well as to the nature of the quench as a change in the topology
and geometry of the spacetime of the theory. The resulting UV divergence is anticipated
by earlier work in quantum gravity [25, 26]. Note also the proportionality to the central
charge. Topology changes of the kind that occur in critical string theories would not suffer
from these kinds of divergences since these theories have no conformal anomaly, i.e., their
total central charge is zero.
5. LORENTZIAN TRANSFORMATIONS AND DUAL BULK GEOMETRIES
Given the form of the energy-momentum tensor in Eq. (69), one could use holographic
renormalization to reconstruct a holographic bulk geometry [58–61]. We can imagine uni-
tarily evolving the system either forwards or backwards in time from the moment just after
the quench, and so consider the energy-momentum tensor in Eq. (69) to hold for all time,
not just t > 0. This simplifies things and brings up several questions, which we address in
this section. We come back to the case of an actual quench, which is discontinuous at t = 0
and does not conserve energy, in the Conclusions.
In AdS3/CFT2, holographic renormalization is simplified by the restrictions on gravity
in three dimensions, where one can write down the general asymptotically AdS3 metric in
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terms of just two undetermined functions L±(x±) [62]
ds2 = R2
(
L+
2
dx2+ +
L−
2
dx2− +
(
1
z2
+
z2
4
L+L−
)
dx+dx− +
dz2
z2
)
, (71)
which are related to the non-vanishing components of the boundary energy-momentum ten-
sor by [58]
T±± =
R
16piGN
L± . (72)
Here z > 0 is the Poincare´ radial bulk coordinate, the spacetime boundary is at z → 0 and
R denotes the AdS radius. Hence, through the identification c = 3R/2GN [58, 63], one can
simply solve for the functions L±, and thus the exact metric, given the boundary energy-
momentum tensor. In the geometry in Eq. (71) with Eq. (72) given by the local quench
energy-momentum tensor (69):
L± =
3
2
2
(x2± + 2)2
, (73)
one can then directly compute the holographic entanglement entropy and mutual information
by computing geodesic lengths, using the holographic proposal [32, 33], and compare to the
CFT results.
However, notice that the energy-momentum tensor we are considering, Eq. (69), is of the
same form as that already found by [46],
T±± =
Mα2
8piGNR(x2± + α2)2
, (74)
obtained from the back-reaction on spacetime of a massive point source falling from near the
conformal boundary of AdS3. This energy-momentum tensor depends explicitly on a mass
parameter M as well as a length scale α, and we will explain their physical interpretation
in Sec. 6. To match the energy-momentum tensor in Eq. (69), we need to identify α with .
We should also match total energies: ECFT = EAdS, where ECFT was given in Eq. (70) and
EAdS = M/(8RGNα) [46], leading to
M =
3
4
R2 , (75)
again using c = 3R/2GN [58, 63].
Thus, one can alternatively proceed as in [46], where the bulk metric is obtained by a
boost and coordinate change from a BTZ black hole solution in global coordinates (The cor-
responding metric in AdS5 was first obtained in [64]). The fact that both vacuum solutions
have the same holographic energy-momentum tensor (on all of R1,1) guarantees that we are
working with the same metric [62].
The special properties of holographic renormalization in three dimensions were exploited
by [47] to construct the gravity dual to a pulse of energy. [47] furthermore gave the explicit
expressions needed to obtain the class of metrics in Eq. (71) from large diffeomorphisms of
pure AdS3. Different such solutions are related by bulk diffeomorphisms that do not vanish
sufficiently rapidly as they approach the conformal boundary. In particular, if one starts
with pure AdS3, i.e. L± = 0, in coordinates (y±, u) then it was worked out in [47] that
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acting with the diffeomorphism4
y± = f±(x±)− 2z
2f ′2±f
′′
±
4f ′±f ′∓ + z2f ′′±f ′′∓
(76)
u = z
4(f ′+f
′
−)
3/2
4f ′+f ′− + z2f ′′+f ′′−
, (77)
one obtains a metric of the form of Eq. (71) with
L± = −(Sf±)(x±). (78)
Here, as in Eq. (60), (Sf)(x) denotes the Schwarzian derivative. For the local quench
energy-momentum tensor, L± are given in Eq. (73) and thus the diffeomorphism f±(x±)
solves:
(Sf±)(x±) = −3
2
2
(x2± + 2)2
. (79)
Notice we have already found one solution of equation (79) in Euclidean signature: the
conformal map in Eq. (11). Thus we here consider the solution
f±(x±) = x± +
√
x2± + 2 . (80)
(Here it is more convenient to drop the factor of 1/, so that y± and x± have the same
dimensions). This solution is not unique: since Eq. (79) is a third order differential equation
there is a three parameters family of solutions, but the results we discuss below do not
depend on the specific choice we make.
Therefore, performing the bulk diffeomorphism in Eqs. (76) and (77), with f± given in
Eq. (80), on pure AdS3 transforms it to a metric whose holographic energy-momentum tensor
matches Eq. (69). From the boundary point of view, this diffeomorphism is a conformal
transformation, under which the energy-momentum tensor transforms as in Eq. (59)
T±±(x±) =
(
df±
dx±
)2
T
(y)
±±(f±(x±))−
c
24pi
(Sf±)(x±) . (81)
In particular, the Lorentzian conformal transformation in Eq. (80) maps the vacuum energy-
momentum tensor in y± coordinates, 〈T (y)µν 〉 = 0, to an energy-momentum tensor satisfying
Eq. (69), taken to hold for all time.
To recap, we have two distinct ways to obtain the energy momentum tensor in Eq. (69):
one from a Euclidean conformal transformation of a (Euclidean) BCFT, analytically contin-
ued to real time, and one from a Lorentzian conformal transformation applied to the ground
state of a Lorentzian CFT (with no boundary). We will refer to them as the Euclidean and
Lorentzian CFT states, respectively. Both can be interpreted as yielding states in theories
defined on Minkowski space R1,1. What, then, is the relation between the two?
We could analyze these states in a variety of ways. We choose to use the entanglement
entropy and mutual information. However, this is somewhat tricky to handle directly for the
4 These differ slightly from the expressions in [47] because there they use coordinates x± = 1√2 (t±x), which
differ by numerical factors from our conventions x± = x± t.
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Lorentzian CFT state since, as noted in [47], it is not clear how twist operators transform
under Lorentzian conformal transformations (i.e., the twist operators may not be conformal
primaries with respect to the Lorentzian conformal group), so it is not clear if one can
compute the entanglement entropy via the replica trick. To proceed further, we are thus led
to consider the holographic entanglement entropy, which is expected to be relevant to all
two-dimensional, large central charge CFTs [35, 36]. A closely related question was raised
in the case of a global quench in [45]. We come back to the relation between the bulk and
boundary states, and global and local quenches, in the Conclusions, Sec. 9.
In the following sections we therefore proceed with a detailed analysis of geodesics in the
metric of [46]. In [46] the authors computed the single-interval entanglement entropy, but not
the mutual information. We emphasize that the bulk geometry, described either by Eq. (71)
with L± given by Eq. (73) or by the metric in [46] (reproduced below), is precisely the bulk
geometry one obtains from applying holographic renormalization to the energy-momentum
tensor in Eq. (69). From our discussion above on bulk diffeomorphisms and boundary
conformal transformations, we see that it can also be interpreted as the precise bulk dual
to the state obtained from the vacuum under the Lorentzian conformal transformation in
Eq. (80). This is to be distinguished from the state obtained by the action of the Euclidean
mapping in Eq. (11) and the analytic continuation τ → it, since, though it has the same
energy-momentum tensor, it is different. The precise differences will be exhibited, via the
mutual information, and discussed below.
6. HOLOGRAPHIC ENTANGLEMENT ENTROPY
In order to holographically obtain the mutual information between two non-overlapping
intervals in the asymptotically AdS3 model described in [46], one needs to solve for space-
like geodesics joining the interval endpoints. Using the covariant generalization of the Ryu-
Takayanagi formula [32, 33]:
S =
L
4GN
, (82)
where L denotes the length of such geodesics, one can then compute the corresponding
entanglement entropies S, and from those the mutual information. We discuss the results of
[46] for the entanglement entropy of one interval below and work out the mutual information
of disjoint intervals in Sec. 7, extensively comparing to the CFT results. To this end, and in
view of the discussion in the previous section, we will identify the length scales α =  and
set the mass parameter M = (3/4)R2 (see below).
6.1. Setup
The holographic dual of a two-dimensional local quench proposed in [46] consists of a
particle of mass m falling in three-dimensional Poincare´ spacetime with metric
ds2 =
−dt2 + dz2 + dx2
z2
, (83)
where z > 0 and we have set the AdS radius to one. The spacetime conformal boundary is
at z → 0 and its location will often be regulated by a IR cutoff z∞  1. The action of a
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particle with mass m at x = 0 in the geometry in Eq. (83) is [46]
S = −m
∫
dt
√
1− z˙(t)2
z(t)
. (84)
The general trajectory extremizing this action is given by
x(t) = 0 , z(t) =
√
(t− t0)2 + α2 , (85)
where t0, α are constants and time translation invariance can be used to set t0 = 0. The
particle energy reads
E =
m
α
, (86)
and we will often be interested in the limit in which the ratio of α over all time and length
scales of the problem goes to zero. If the ratio m/α (in units of the AdS radius) is kept
finite in this limit, the energy in Eq. (86) also remains finite. The trajectories for different
α are related to each other by boost transformations. Such boosts are isometries of pure
AdS space, but once we include back-reaction this is no longer the case and we get distinct
metrics for distinct α.
The particle back-reaction on spacetime can be easily computed by observing that the
change of coordinates5
z =
α√
1 + r2 cos τ + r cos θ
(87)
t =
α
√
1 + r2 sin τ√
1 + r2 cos τ + r cos θ
(88)
x =
αr sin θ√
1 + r2 cos τ + r cos θ
, (89)
for arbitrary α > 0, locally maps Poincare´ AdS3 of Eq. (83) into global AdS3 with metric
6
ds2 = −(1 + r2)dτ 2 + dr
2
1 + r2
+ r2dθ2 , (93)
and the particle trajectory in Eq. (85) into r = 0 [46, 64]. We choose τ, θ ∈ [−pi, pi] with θ
periodic, and notice that since z > 0 and r ≥ 0, for t ≥ 0 (t ≤ 0), τ ∈ [0, pi] (τ ∈ [−pi, 0])
and for x ≥ 0 (x ≤ 0), θ ∈ [0, pi] ([−pi, 0]).
5 Throughout the holographic computations, we denote by τ the global time coordinate. This should not
be confused with the Euclidean time of the CFT sections.
6 To cover the region of global AdS3 where
√
1 + r2 cos τ + r cos θ < 0, one should consider the change of
coordinates:
z = − α√
1 + r2 cos τ + r cos θ
(90)
t = − α
√
1 + r2 sin τ√
1 + r2 cos τ + r cos θ
(91)
x = − αr sin θ√
1 + r2 cos τ + r cos θ
. (92)
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The metric outside a massive static object at r = 0 in global AdS3 is known to be
ds2 = −(r2 + 1−M)dτ 2 + dr
2
r2 + 1−M + r
2dθ2 , (94)
where M is related to the mass of the particle by [46]
M = 8GNm. (95)
For M > 1, the metric in Eq. (94) is known as the BTZ black hole solution, with black hole
mass M − 1 [65]. The case of M = 1 is the zero mass BTZ black hole [66]. Here, motivated
by the observations made in Section 5, we will focus on the case 0 < M < 1, in particular
M = 3/4, for which the solution has a naked conical singularity at the origin r = 0 [66, 67].
We will not be concerned about this singularity since we can, as in [46], replace the metric
with a non-singular metric, like that of a star, in an arbitrarily small neighborhood of the
origin. Since we will only be concerned with geodesics that do not intersect the origin, this
has no effect on our results.
Given the geometry in Eq. (94), one can therefore apply the inverse change of coordinates
of Eqs. (87)-(89):
r =
1
zα
√
x2α2 +
1
4
[−α2 + z2 + x2 − t2]2 (96)
tan τ =
2tα
α2 + z2 + x2 − t2 (97)
tan θ = − 2xα−α2 + z2 + x2 − t2 (98)
to work out the backreacted spacetime in Poincare´ coordinates [46, 64]. Because of its
length, we do not here give the expression of the geometry in Poincare´ coordinates, but this
can be readily obtained from Eq. (94) through Eqs. (96)-(98).
6.2. Entanglement entropy
To compute the entanglement entropy associated with a spatial region of the conformal
boundary via the covariant generalization of the Ryu-Takayanagi formula (82), one needs
to solve for spacelike geodesics that extend between two boundary endpoints (t∞, z∞, `1),
(t∞, z∞, `2) in the asymptotically Poincare´ AdS space. As for the construction of the back-
reacted geometry, it is simpler to first solve for geodesics in the spacetime in Eq. (94)
connecting the points
τ (i)∞ = tan
−1
[
2t∞α
α2 + `2i − t2∞
]
(99)
θ(i)∞ = tan
−1
[
− 2`iα
`2i − t2∞ − α2
]
(100)
r(i)∞ =
1
z∞α
√
`2iα
2 +
1
4
[`2i − t2∞ − α2]2 (101)
for i = 1, 2 and then use the coordinate transformation in Eqs. (87)-(89) to map such
geodesics into the asymptotically Poincare´ AdS metric. Notice that, in principle, there
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are four possible solutions to Eqs. (99)-(100) since τ, θ ∈ [−pi, pi]. However, the coordinate
transformation in Eqs. (87)-(89) only covers the region
√
1 + r2 cos τ+r cos θ > 0 with r ≥ 0,
so that τ
(i)
∞ ∈ [0, pi] (τ (i)∞ ∈ [−pi, 0]) for t∞ ≥ 0 (t∞ ≤ 0) and θ(i)∞ ∈ [0, pi] (θ(i)∞ ∈ [−pi, 0]) for
`i ≥ 0 (`i ≤ 0), as we observed below Eq. (93).
The relevant geodesics have been worked out in [46] and we review their construction in
Appendix B. Here we just quote the result for the entanglement entropy [46]:
S =
1
4GN
[
ln
(
r(1)∞ r
(2)
∞
)
+ ln
2
(
cos
(√
1−M∆τ∞
)− cos (√1−M∆θ∞))
1−M
]
, (102)
where ∆τ∞ ≡ |τ (2)∞ − τ (1)∞ | and ∆θ∞ ≡ |θ(2)∞ −θ(1)∞ |, and ∆θ∞ should be replaced by 2pi−∆θ∞
if ∆θ∞ > pi.
In the case of a symmetric interval with −`1 = `2 ≡ `, this reduces to
S =
1
2GN
ln
2r∞ sin(
√
1−Mθ∞)√
1−M , (103)
where r∞ ≡ r(1)∞ = r(2)∞ , θ∞ ≡ −θ(1)∞ = θ(2)∞ , and θ∞ → pi − θ∞ if θ∞ > pi2 .
The entanglement entropy diverges if we remove the IR cutoff z∞, making it convenient
to define a renormalized entanglement entropy ∆S, for instance by subtracting the value of
the entanglement entropy in pure AdS (M = 0) [46]:
∆S =
1
4GN
ln
cos
(√
1−M∆τ∞
)− cos (√1−M∆θ∞)
(1−M) (cos (∆τ∞)− cos (∆θ∞)) , (104)
which in the case of a symmetric interval becomes
∆S =
1
2GN
ln
sin(
√
1−Mθ∞)√
1−M sin θ∞
. (105)
Looking ahead, we note that we will not need this kind of renormalization for the mutual
information between non-overlapping intervals, which we compute in Sec. 7, since it is always
finite.
We plot the renormalized entanglement entropy as a function of time, interval size or
interval midpoint for various cases in Fig. 10.
6.3. t, ` α limit
In this section, to get more analytic insight on the holographic results for the entanglement
entropy and to compare with the CFT computations discussed in Section 2.4.1, we consider
the regime in which the ratio of α (which in view of the discussion in Sec. 5 is identified with
the CFT regulator ) over all length and time scales goes to zero. We can keep the particle
energy, Eq. (86), finite in this limit as long as the ratio α/M (in units of the AdS radius) is
finite, since M is related to the particle mass m via Eq. (95).
For notational simplicity, in the following we denote the boundary time t∞ by t.
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Figure 10: Renormalized entanglement entropy ∆S (rescaled by 4GN) as a function of time t∞,
interval length ` or interval midpoint position ξ for: a symmetric interval with (A) −`1 = `2 ≡
` = 0.5, 1.5, 3 from left to right, (B) times t∞ = 0.5, 1.5, 3 from left to right; an interval with an
excited endpoint `1 = 0 with (C) `2 = 0.9, 3, 5 from the bottom up, (D) t∞ = 0.9, 3, 5 from left to
right; a generic interval with (E) `1 = −1.5, 0.5, 2, `2 = `1 + 4 from left to right, (F) `1 = ξ − 32 ,
`2 = ξ +
3
2 for t = 0, 5, 10 from left to right. In the plots, we have set the parameters α = 1 and
M = 3/4.
6.3.1. Symmetric intervals about the origin
For `  α, the entanglement entropy, given by Eq. (103), for the symmetric interval of
length 2` reduces to
S =
1
2GN
ln
2`
z∞
, (106)
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for times before and after the peak at t = `. For α  `, t, it is natural to identify the IR
bulk cutoff z∞ = α (= ). Using c = 32GN , Eq. (106) becomes
S =
c
3
ln
2`

, (107)
i.e., the value for an interval of length 2` in a CFT on an infinite line in its ground state.
On the other hand, we had seen the CFT computation led to Eq. (36), that is, the sum of
the ground state entanglement entropies of two intervals (0, `) in the half line. Indeed, while
the local quench starts out without any entanglement between the two half lines in their
separate ground states, giving rise to Eq. (36), the holographic setup of [46] has non-zero
entanglement from the beginning and corresponds, at t = 0, to a CFT on an infinite line in
its ground state.
6.3.2. General interval with |`1| 6= |`2|
For t, `  α, the entanglement entropy in Eq. (102) for a generic interval with `2 > 0
and `2 > |`1| becomes:
S(t < |`1|) = S(t > `2) = 1
2GN
ln
(`2 − `1)
z∞
, (108)
for t < |`1| and t > `2, i.e., for early and late times. For intermediate times, |`1| < t < `2,
we have
S(0 ≤ `1 < t < `2) = 1
4GN
ln
(`2 − `1)(`2 − t)(t− `1)M˜
αz2∞
(109)
if `1 ≥ 0 and
S(`1 < 0 < t < `2) =
{
1
4GN
ln (`2−`1)(`2+t)(t+`1)M˜
αz2∞
|`1| < t <
√−`1`2
1
4GN
ln (`2−`1)(`2−t)(t−`1)M˜
αz2∞
√−`1`2 ≤ t < `2
(110)
if `1 < 0. For compactness, here we have defined:
M˜ ≡ sin(
√
1−Mpi)√
1−M , (111)
which is an increasing function of M and goes from 0 to pi as M varies between zero and one.
Although the holographic analytic expressions Eqs. (108)-(110) do not match exactly the
universal part of the CFT results in Eqs. (33)-(35), they do share a number of features. First
of all, the two are time-dependent only for t ∈ [`1, `2], in agreement with the quasiparticle
picture. Moreover, they behave similarly in the regime where the non-universal contributions
to Eqs. (33)-(35) can be neglected. This can be seen in Fig. 11, where we plot δS ≡ S−S(t <
|`1|) and compare it with the (universal part of the) CFT results.
Notice in particular that for `1 ≥ 0 the shape of the entanglement entropy curve is
independent of the displacement of the interval from the origin respectively exactly and
approximately in the holographic and CFT results (see panel (A) of Fig. 12). As the defect
at the origin penetrates deeper in the interval, the entanglement entropy instead decreases
(Fig. 12 (B)).
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Figure 11: The time evolution of the entanglement entropy with the early time value subtracted
(and rescaled by 4GN) for intervals of length 30 and `1 = −1, 4, 9. The universal part of the CFT
results are shown with dashed lines for comparison. Here we have set M = 3/4 and  = α = 0.001.
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Figure 12: The entanglement entropy with the early time value subtracted (and rescaled by 4GN)
for intervals (A) of length 5 and `1 = 0.5, 25, 50 from left to right; (B) of length 10 and `1 =
−0.5,−1.5,−3 from the outmost to the inmost. In dashed lines, the universal part of the CFT
results, which in some cases overlap the holographic curves without appreciable difference. The
parameters have been set to: M = 3/4,  = α = 0.001.
For `1 ≥ 0, the maximum value of the holographic entanglement entropy
Smax =
1
4GN
ln
(`2 − `1)3M˜
4αz2∞
(112)
is attained at t = `1+`2
2
, and it grows logarithmically in the length of the interval, in 1/α and
1/z∞. This is approximately also the case in the CFT expression in Eq. (34). We illustrate
the dependence on the interval length in Fig. 13.
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Figure 13: The entanglement entropy with the early time value subtracted (and rescaled by 4GN)
for intervals centered at 10 and of length `2 − `1 = 1, 2, 3 from the interior to the exterior. In
dashed lines, the universal contributions to the CFT result, which are essentially indistinguishable
from the holographic ones. We have set: M = 3/4,  = α = 0.001.
7. HOLOGRAPHIC MUTUAL INFORMATION
To further explore the nature of the entanglement in this system and the relation between
the CFT and holographic setups, we compute the mutual information, Eq. (1),
I = SA + SB − SA∪B , (113)
between two disjoint intervals in the setup we have been considering. We have reviewed
the entanglement entropy of a single interval in the previous Section. To compute the
entanglement entropy of two disjoint intervals SA∪B we assume the prescription that holds
at equilibrium [35] extends to the time-dependent setup of a falling mass in AdS. We therefore
assume SA∪B is given by the shortest collection of geodesics connecting the endpoints A and
B. For evidence in favor of this prescription in time-dependent cases, particularly strong
subadditivity of the entanglement entropy and monogamy of the mutual information, see
[68–70]. The three possible configurations are drawn schematically in Fig. 14. We will refer
to them as the connected (solid, blue), the disconnected (red, dashed) and the “intersecting”
configurations (brown, dotted), although in a time-dependent setup the latter geodesics do
not generically intersect. The prescription then reads
SA∪B = min {Sconn, Sdisc, Sint} , (114)
where each S is computed using the lengths of the curves described above, via the covariant
holographic entanglement entropy proposal [33]. The “intersecting” configuration never
contributes at equilibrium [35], leaving only two competing configurations. However, there
does not exist a proof of this statement in a generic time-dependent geometry so we will
need to check this case by case. In all cases we have checked explicitly the “intersecting”
configuration turns out not to contribute, so that for our two intervals A = [u1, v1] and
B = [u2, v2] we have
SA∪B = min
{
S[u1,v1] + S[u2,v2], S[u1,v2] + S[v1,u2]
}
. (115)
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Figure 14: A schematic drawing of the three sets of geodesics competing to the holographic entan-
glement entropy of the union of two intervals SA∪B.
In order to be able to obtain simple analytic expressions and to compare with the CFT
results of Section 3.2 that were obtained for   `, t, we here again work in the regime
α `, t.
7.1. Symmetric intervals of length ` separated a distance d
The mutual information for two symmetric intervals of length ` separated by a distance
d is obtained from Eq. (113), using Eq. (106) and Eqs. (108)-(110).
It is easy to check that the configuration with “intersecting” geodesics never contributes
to the entanglement entropy, since S[ d2 ,
d
2
+`] < S[− d2 , d2+`]
for all times. By comparing the
connected and disconnected configurations, one finds that the mutual information vanishes
for t < d
2
and t > d
2
+ ` whenever d ≥ (√2− 1)`, as in the vacuum [35]. It is also zero in the
time range d
2
< t < d
2
+ ` if (
d
2
+ `− t) (t− d
2
)
d(d+ 2`)
≤ α
M˜`
, (116)
for all t ∈ (d
2
, d
2
+ `), that is if
d
`
(
d
`
+ 2
)
≥ M˜`
α
. (117)
or
d ≥
√1 + M˜`
4α
− 1
 ` ≡ d¯ . (118)
If this is not the case, since the two roots of Eq. (116) are t1 =
d
2
+O(α) and t2 =
d
2
+`+O(α),
the mutual information does not vanish in the whole time range d
2
< t < d
2
+ `.
The complete expression reads
I =
1
2GN
{
ln `
2
d(d+2`)
t < d
2
, t > d
2
+ `
ln
`( d2+`−t)(t− d2)M˜
α d(d+2`)
d
2
< t < d
2
+ `
(119)
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if d < (
√
2− 1)`, or
I =
1
2GN
{
0 t < d
2
, t > d
2
+ `
ln
`( d2+`−t)(t− d2)M˜
α d(d+2`)
d
2
< t < d
2
+ `
(120)
if (
√
2− 1)` ≤ d < d¯, and I = 0 for all times otherwise.
We plot in Fig. 15 the evolution of the mutual information with the early time value
subtracted δI ≡ I − I(t < d
2
) for two equal length intervals symmetric about the defect,
for different separations and interval lengths, and compare with the (universal piece of the)
CFT results (43). Notice in particular that the maximum value of the mutual information
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Figure 15: Time evolution of the mutual information with the early time value subtracted (rescaled
by 4GN) for (A) ` = 10, d = 2, 10, 40, 70 from left to right and (B) d = 2, ` = 20, 35, 50 from
left to right. The CFT results are shown with dashed lines and here we have set M = 3/4 and
α =  = 0.001.
is attained at t = d+`
2
and reads
Imax =
1
2GN
ln
`3M˜
4α d(d+ 2`)
, (121)
which decreases logarithmically as we increase the separation d, while in the CFT calculation
it is constant at large d (see Eq. (44) and Figs. 6 and 15 (A)). In both cases though,
the maximal value increases as we increase the interval length `, while keeping the other
quantities fixed (Fig. 15 (B)). As we increase the separation d between the two intervals, we
observe a transition to a phase where the holographic mutual information is always vanishing,
a feature that is not present in the CFT calculation. This was also found to be the case for
the mutual information following a global quench when computed holographically in the AdS
Vaidya geometry [43, 44]. This holographic feature was again in contrast to the behavior of
the mutual information after a CFT global quench [14, 56], which can be straightforwardly
calculated using the same techniques we use in this paper. We will discuss this further in
the Conclusion. In Fig. 16 we plot the two competing collections of extremal curves in the
two phases, in which the connected or the disconnected configuration respectively minimize
the length at intermediate times.
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Figure 16: The two competing configurations of geodesics for the mutual information at t = 5 for
` = 6 and d = 4 (blue), d = 10 (red) (α = 1, M = 3/4). The configuration of minimal length is in
solid lines. As we increase the separation between the two intervals, we observe a transition from
the connected towards the disconnected configuration.
7.2. Equal length intervals on the same side of the quench
Let us consider two equal length intervals A = [x, x + `], B = [x + ` + d, x + 2` + d] on
the same side of the quench (x, `, d > 0) separated by a distance d, see Fig. 3 (iii). Using
the formulae in Eqs. (108)-(109), it follows that we have to look for the minimum among
Sdisc =
1
4GN

ln `
4
z4∞
t ∈ δt1, δt3, δt5
ln `
3(x+`−t)(t−x)M˜
αz4∞
t ∈ δt2
ln `
3(x+2`+d−t)(t−(x+`+d))M˜
αz4∞
t ∈ δt4
(122)
Sconn =
1
4GN

ln d
2(2`+d)2
z4∞
t ∈ δt1, δt5
ln d
2(2`+d)(x+2`+d−t)(t−x)M˜
αz4∞
t ∈ δt2, δt4
ln d(2`+d)(x+`+d−t)(t−(x+`))(x+2`+d−t)(t−x)M˜
2
α2z4∞
t ∈ δt3
(123)
Sint =
1
4GN

ln (`+d)
4
z4∞
t ∈ δt1, δt5
ln (`+d)
3(x+`+d−t)(t−x)M˜
αz4∞
t ∈ δt2
ln (`+d)
2(x+`+d−t)(t−x)(x+2`+d−t)(t−(x+`))M˜2
α2z4∞
t ∈ δt3
ln (`+d)
3(x+2`+d−t)(t−(`+x))M˜
αz4∞
t ∈ δt4
(124)
where Sdisc, Sconn, Sint denote respectively the entanglement entropy associated to the discon-
nected, connected and “intersecting” configurations. As in Section 3.3, we have defined the
time intervals δt1 = (0, x), δt2 = (x, x+`), δt3 = (x+`, x+`+d), δt4 = (x+`+d, x+2`+d)
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and δt5 = (x+2`+d,∞). It is easy to see that Sint > Sdisc for t < x+`+d and t > x+2`+d,
and Sint > Sconn for x+ `+d < t < x+ 2`+d, so that the “intersecting” configuration never
contributes.
Comparing Eq. (122) and Eq. (123) one finds the following result for the mutual infor-
mation. If d < d˜, where
d˜ ≡
−1 +
√
1 +
(
4α
M˜`
)2/3 ` , (125)
we have
I =
1
4GN

ln `
4
d2(2`+d)2
t ∈ δt1, δt5
ln `
3(x+`−t)
d2(2`+d)(x+2`+d−t) t ∈ δt2
ln `
4α2
d(2`+d)(x+d+`−t)(t−(x+`))(x+2`+d−t)(t−x)M˜2 t ∈ δt3
ln `
3(t−(x+`+d))
d2(2`+d)(t−x) t ∈ δt4
(126)
If instead d˜ ≤ d < (√2− 1)`
I =
1
4GN

ln `
4
d2(2`+d)2
t < x, t > x+ 2`+ d
ln `
3(x+`−t)
d2(2`+d)(x+2`+d−t) x < t <
¯`
2
0 ¯`2 < t < ¯`3
ln `
3(t−(x+`+d))
d2(2`+d)(t−x)
¯`
3 < t < x+ 2`+ d
(127)
where
¯`
2 = `+ x+
d2(2`+ d)
d2 + d`− `2 ≤ `2 (128)
¯`
3 = x− `
3
d2 + d`− `2 ≥ `3 . (129)
Finally, the mutual information is identically vanishing if d ≥ (√2− 1)`.
We plot in Fig. 17 the mutual information for various separations and interval lengths, and
compare with the field theory expressions Eqs. (51)-(57). To help visualize the comparison
between the two results, the latter curves have been shifted so that at t = 0 their values
match the holographic ones. Notice however that the CFT results are universal for all times
only if d  ` (and x  d or x  d), in which case the holographic mutual information
vanishes. The dashed curves in Fig. 17 therefore do in general get non-universal corrections.
The most striking feature of the mutual information is that for d < (
√
2 − 1)` it de-
creases at intermediate times, eventually reaching zero. This feature is not captured by the
quasiparticle picture. However, it qualitatively matches the CFT computations, although
there the minimal value attained by the mutual information is always positive. In terms of
geodesics, this decrease is due to the fact that the outmost curve in the connected config-
uration develops a long curl (see Fig. 18). For large enough separations, the holographic
mutual information vanishes identically, as for symmetric intervals. Again, this is not the
case in the CFT results.
7.3. Asymmetric intervals and overlapping the quench
Finally, we consider the case of (equal length) asymmetric intervals about the origin
A = [−(d − x + `),−(d − x)], B = [x, x + `] (see Fig. 3 (ii)) and the case of one interval
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Figure 17: Mutual information (rescaled by 4GN) for (A) x = 1, ` = 10, d = 0.008, 0.5, 1 from the
top to the bottom, (B) x = 1, d = 1, ` = 5, 7, 9 from the bottom to the top, as a function of time.
The universal parts of the CFT results are shown in dashed lines. These have been individually
shifted as to match the holographic results at t = 0, to better visualize how the time dependence
of the two results compares. Here M = 3/4 and α =  = 0.001.
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Figure 18: The two competing configurations of geodesics for the mutual information at t = 10 ∈
[¯`2, ¯`3] for x = 1, ` = 10 and d = 3 (α = 1, M = 3/4). In this time range, the outmost geodesic
develops a long curl and the disconnected configuration (in solid lines) becomes the minimal one.
overlapping the quench A = [−(` − y), y], B = [y + d, y + d + `]. Because the analytic
formulae for these cases are long and not particularly illuminating, we content ourselves
with a qualitative discussion and some plots of a few cases, generated by direct calculation
using Eqs. (113), (115) and (108)-(110).
The first situation is similar to that described in Section 7.1. The mutual information is
not just a constant only if both intervals are intersected by the lightcone of the quench at
the same time, i.e., only if d−x or d−x+` are in the interval (x, x+`) respectively for times
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(d−x, x+ `) or (x, d−x+ `), in agreement with the quasiparticle picture. The height of the
bump also increases logarithmically if we increase the lengths of the intervals (d− x, x+ `)
or (x, d− x + `), as can be seen in Fig. 19. We compare with the universal CFT results of
Section 3.2 in the universal regimes, that is for x/`, (d− x)/`  1 and x/`, (d− x)/`  1.
The mismatch between the amplitudes of the two results is smaller in the second case, as
anticipated by the analysis of the symmetric intervals.
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Figure 19: Mutual information (rescaled by 4GN) for asymmetric intervals about the quench with
(A) x = 10, ` = 2, d = 18.5, 19, 19.5 and x = 3, ` = 15, d = 4, 5 (B) x = 11, d = 21.5, ` = 2, 3 and
x = 2, d = 3, ` = 15, 20. We have set M = 3/4 and α =  = 0.001 and plotted the CFT results in
dashed lines.
The case with one interval overlapping the defect qualitatively resembles that of two
intervals on the same side of quench, analyzed in Section 7.2. Typically, the mutual infor-
mation starts and ends at the vacuum value, but drops at intermediate times. Its height
decreases as the defects penetrates deeper in the interval, eventually vanishing everywhere,
and increases as the length of the intervals increases. Contrary to the case of the two in-
tervals on the same side of the quench, the decrease of the mutual information towards its
minimal value is not monotonic and shows a spike.
We plot some examples in Fig. 20, together with the universal contributions to the CFT
curves. Notice however that the CFT results get non-universal corrections in the regimes
that are plotted. In the universal regime d `, the holographic results identically vanish.
8. ALTERNATIVE METHOD FOR COMPUTING THE ENTANGLEMENT
ENTROPY
We saw in Sec. 5 that the bulk geometry we have been studying can be obtained from a
diffeomorphism of pure AdS3, in Eq. (76)-(77), specified at the conformal boundary by the
maps
f±(x±) = x± +
√
x2± + 2 . (130)
given in Eq. (80). In the last two sections we have used and extended the results of [46] to
compute the holographic entanglement entropy and mutual information, but in fact these
quantities may also be computed directly in terms of the f± [47]. This leads to the same
38
0 5 10 15 20 25
t
0.5
1.0
1.5
2.0
2.5
I
0 5 10 15 20 25
t
0.2
0.4
0.6
0.8
1.0
I
(A) (B)
Figure 20: Mutual information (rescaled by 4GN) for non zero overlap with the defect and (A)
` = 10, d = 1.5, 2, 2.5, y = 9.5, 9, 8.5 from the top to the bottom, (B) y = 7.5, d = 3.5, ` =
11.5, 12, 12.5 from the bottom to the top, as a function of time. The solid lines are the holographic
results and the dashed lines the universal part of the CFT ones (the latter have been shifted so
as to match the holographic result at t = 0, to facilitate the comparison between the two). Here
M = 3/4 and α =  = 0.001.
results, but we present this method here as it is often more efficient to use for explicit
computations and applies to more general situations as well.
The bulk diffeomorphism in Eqs. (76)-(77) specified by f± allows one to compute how
various geometric quantities transform. We are particularly interested in lengths of geodesics
anchored on the conformal boundary, which we can use to compute the holographic entan-
glement entropy via the Ryu-Takayanagi proposal [32, 33]. We can, for example, use the
formula for the lengths of geodesics in pure AdS3 and then pull back the result. This is
explicitly done for one class of geodesics in [47] and we review and extend those results here.
Let us use coordinates (t, y, u) on the Poincare´ patch of pure AdS3, with metric
ds2 =
−dt2 + dy2 + du2
u2
. (131)
For an interval that lies between two space-like separated boundary points (t
(1)
∞ , y
(1)
∞ , u
(1)
∞ )
and (t
(2)
∞ , y
(2)
∞ , u
(2)
∞ ), the Ryu-Takayanagi formula gives the entanglement entropy in terms of
the length of the space-like geodesic γ that goes between them, a semi-circle whose diameter
has proper length
s =
√(
y
(2)
∞ − y(1)∞
)2
−
(
t
(2)
∞ − t(1)∞
)2
. (132)
As in [46], we need to introduce two radial cutoffs u
(i)
∞ , one for each endpoint, in the (t, y, u)
coordinates in order to obtain a result in terms of the transformed coordinates (x±, z) that
depends on a single regulator z∞.
The length L(γ) of these pure AdS3 geodesics is
L(γ) = ln
(
y
(2)
∞ − y(1)∞
)2
−
(
t
(2)
∞ − t(1)∞
)2
u
(1)
∞ u
(2)
∞
. (133)
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In terms of null coordinates y± = y ± t, it becomes
L(γ) = ln
(
y
(2)
∞+ − y(1)∞+
)(
y
(2)
∞− − y(1)∞−
)
u
(1)
∞ u
(2)
∞
. (134)
Just as with the energy-momentum tensor, this result can be pulled back under the action
of f± in Eq. (130). As in [47], we can start with the case of a geodesic γ1 whose image γ˜1,
under the diffeomorphism in Eqs. (76) and (77), is a semi-circle with endpoints satisfying
y
(1)
∞± > 0 and y
(2)
∞± > 0 (see Fig. 21). In that case, the length in the transformed system with
γ˜2
γ˜1
f˜(x1) f(x1) f(x2)
y
z
y = 0
Figure 21: Schematic drawing of the geodesics contributing to the entropy formula in Eq. (141).
The semicircles γ˜1 and γ˜2 are mapped to the geodesics γ1 and γ2, respectively, under the map g
defined on the conformal boundary by Eq. (139).
(x±, z) coordinates can be written as [47]
L(γ1) = 1
2
ln
(f+(x2+)− f+(x1+))2 (f−(x2−)− f−(x1−))2
f ′+(x2+)f ′+(x1+)f ′−(x2−)f ′−(x1−)z4∞
, (135)
where we have used the asymptotic behavior of the diffeomorphism in Eqs. (76)-(77)
y∞± = f±(x±) (136)
u∞ = z∞
√
f ′+(x+)f ′−(x−) (137)
and identified the z cutoffs z
(1)
∞ = z
(2)
∞ ≡ z∞.
In general we will need to go beyond this formula, as already noted in [47], since it
misses some of the other possible geodesics. This is similar to the situation we would
encounter if we were interested in the BTZ black hole metric, which can be written in the
form of Eq. (71) with constant L± (proportional to the black hole mass) and which would
correspond to maps fBTZ± (x±) = exp(2
√
L±x±) [62, 71]. As reviewed in Appendix B, it is
clear from writing the BTZ metric in global coordinates that there are two geodesics that
anchor at a given pair of boundary points, one that wraps around the horizon and one that
does not (the latter is homotopic to the boundary interval stretching between the points).
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The formula in Eq. (135) only yields the length of the non-wrapping geodesic, and so we
need to go further, in general, to find the geodesic of minimal length as required by the Ryu-
Takayanagi proposal. We have the same issue of multiple geodesics in the model we consider
here; from our analysis in the previous two sections, we can interpret these as geodesics that
either wrap around the trajectory of the massive particle, or not.
This issue can be fixed in a way that requires only slight modifications of Eq. (130). First
of all, notice that what we are missing above are geodesics (semi-circles) γ˜2 that stretch
from boundary points with y∞± > 0 to boundary points with y∞± < 0 (see Fig. 21). To
include this case, it suffices to add another branch to the boundary maps, whose ranges
cover y± < 0:
f˜±(x±) = x± −
√
x2± + 2 . (138)
This is of course still a solution of the differential equation (79).
To explain and justify this choice, it is useful to go the other direction, finding maps
g±(y∞±) whose restrictions to y∞± > 0 are invertible and with inverses given by f± in
Eq. (130). In practice this just means inverting f±:
g±(y∞±) =
y2∞± − 2
2y∞±
. (139)
These functions are defined for all y∞± 6= 0 and form a double cover of the x± plane. They
send 0 to ±∞ but we can ignore this since we are only interested in boundary points with
x± 6= ±∞. To promote this to a map on the full geometry we would need to extend g± into
the bulk, but for just computing anchored geodesic lengths we do not need this. Inverting
g± leads to a double valued map with the two branches given by the maps in Eqs. (130) and
(138).
It turns out, then, that one can capture the other possible geodesic γ2 by applying f˜±(x±)
to one of the boundary anchor points, say the one with boundary coordinates x1±, see Fig. 21.
The result is the formula
L(γ2) = 1
2
ln
(f+(x2+)− f˜+(x1+))2(f−(x2−)− f˜−(x1−))2
f ′+(x2+)f˜ ′+(x1+)f ′−(x2−)f˜ ′−(x1−)z4∞
. (140)
The formula for the entropy is then
S =
1
4GN
min {L(γ1),L(γ2)} . (141)
To get rid of the dependence on the cutoff z∞ we can subtract off, as we did in Sec. 6.2, the
entropy in pure AdS3 in x± coordinates,
Svac =
1
8GN
ln
(x2+ − x1+)2(x2− − x1−)2
z4∞
, (142)
i.e., compute ∆S ≡ S − Svac. The cutoff dependence also disappears when computing the
mutual information.
As we already noted, these formulas give equivalent results to those obtained in Sec. 6.2
(for M = 3/4R2), and are often more efficient for explicit calculations. In Fig. 22, we give
an example of an explicit check between the two results. On the other hand, starting in
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Figure 22: Comparison of the renormalized entanglement entropy (rescaled by 4GN) of a symmetric
interval of length 6 computed with the two methods we have described. The dashed lines show the
contributions coming from the two competing geodesics γ1 and γ2 and the solid red line shows the
result computed in Sec. 6.2.
global coordinates does make some features of the geometry more transparent, such as the
role of wrapping and non-wrapping geodesics. This is because in that case we do not have
to deal with double-valued maps like g−1± .
When this work was almost completed, material closely related to that in this section, as
well as in Sec. 5, appeared in the paper [48]. Following the AdS/BCFT proposal [72, 73],
[48] introduces a boundary in the bulk spacetime (different from the conformal boundary)
and relates it to the boundary appearing in the BCFT formalism used in CFT analyses of
quenches. Using this proposal, [48] gives a new formula for the holographic entanglement
entropy in these quench setups, including local quenches. We do not enter into a detailed
analysis of this work, but note that, as also noted in [48], this new model does not appear
to alter the behavior of the entanglement entropy after a local quench for late times or for
intervals far from the quench. In particular, we have explicitly verified that the mutual
information for symmetric intervals also decays logarithmically in the separation distance,
and the analogous plot of the holographic mutual information shown in Fig. 15 (A) is
unchanged except at very early times.
9. CONCLUSIONS
In the first part of this paper we have used CFT techniques to compute the universal
parts of the mutual information IA,B after a local quench in a general (1+1)-dimensional
CFT. One significant finding is long range entanglement, i.e., that the leading contribution
(in the small  limit) to IA,B is of order the central charge and independent of the separation
distance for symmetric intervals (equal time, well-separated intervals of fixed length located
on opposite sides of the quench and intersected by the lightcone of the quench event), see
Eq. (44) and Fig. 6. This long range entanglement is consistent with the quasiparticle picture
of a local quench, from which we would expect non-decaying entanglement between regions
intersected by the trajectories of the entangled quasiparticles. This has also been observed
in studies of spin chains [74, 75], although these studies use a measure of entanglement
different than the mutual information.
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This contrasts with the behavior of the mutual information in the ground state of (non-
holographic) CFTs, which at large separation decays as a power law in the separation dis-
tance [11]. Mutual information in the ground state of holographic CFTs was studied in
detail in [35], where it was shown that in this state there is a phase transition to IA,B = 0
for intervals at sufficiently large separation. More specifically, from conformal symmetry it is
known that IA,B in the ground state is a function of the cross-ratio of the interval endpoints
η =
(v1 − u1)(v2 − u2)
(u2 − u1)(v2 − v1) . (143)
In the case of symmetric intervals, A = [−(` + d/2),−d/2], B = [d/2, ` + d/2], we have
η = `2/(d + `)2, and small η corresponds to small `/d. It was shown that IA,B is of order
the central charge for small separations (η > 1/2) while it is order 1 for large separations
(η ≤ 1/2). This implies that the holographic mutual information, as computed by the Ryu-
Takayanagi formula, should go to zero for large separations, which it does when computed
in pure AdS [35].
In the recent paper [46] the authors proposed a model for a holographic local quench. We
have shown in Sec. 5 that for some specific parameter values this model precisely matches the
bulk geometry one would obtain from applying holographic renormalization to the energy-
momentum tensor expectation value corresponding to the CFT local quench. In the second
part of this paper we have studied the holographic mutual information in this model. We
found that the mutual information is not independent of the separation distance for equal
length intervals intersected by the two pieces of the quench lightcone, i.e., intervals centered
on x = ±√α2 + t2. Instead, we found a logarithmic decay and then a transition to zero
mutual information above a certain separation distance, see Sec. 7.1. This is the same
qualitative behavior as seen in the ground state of holographic CFTs that we mentioned
above. The transition distance grows as α decreases but for fixed energy and interval length
the mutual information always transitions to zero at a finite separation, see Eq. (116). In
the “shockwave limit,” where one takes α and M to zero such that the energy E = M/8GNα
is fixed, the transition to zero mutual information for symmetric intervals of length ` occurs
at a separation distance d¯ = `(
√
1 + piGN`E − 1).
The authors of [46] seem to observe long range entanglement and entangled pairs of
excitations that travel away from each other and the quench event, while in our holographic
analysis we find a vanishing mutual information between the propagating excitations at
large enough separation. The origin of this discrepancy might lie in the interpretation of
entanglement entropy in terms of entanglement density of [46], which seems to be a reliable
measure only in regimes where the entanglement entropy behaves additively, i.e., extensively,
as in the case of thermal states. We expect the same cautionary remark to extend to higher
dimensional versions of entanglement density [76].
The differences in the behavior of the CFT calculation of the mutual information and the
holographic mutual information, exemplified by the plot in Fig. 15 (A), indicate significant
differences between the state produced by the CFT local quench and the state described
by the bulk geometry we studied, even though they have exactly the same 〈Tµν(x, t)〉 for
all x and t.7 We note that there are no other primary fields with non-zero expectation
values. This is because for this kind of local quench the state just after the quench is the
7 We are thinking here of extending all of our CFT results to t < 0 by unitary evolution. In other words,
even though we analyzed the state by implementing a sudden quench at t = 0, we can equivalently omit
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fusion of the two ground states of the two half-lines. The operator associated with the
ground state under the operator-state correspondence is the identity operator so this fusion
is expected to only excite fields in the conformal family of the identity, i.e., the energy-
momentum tensor and associated Virasoro algebra. More details of this argument are found
in [22]. This justifies studying the process holographically using pure gravity. However, local
quenches with different boundary conditions may excite other primary fields, and it would
be interesting to study these further.
In general, one expects the classical geometry to describe, to a good approximation in the
appropriate large N , large coupling limit, typical CFT states with the matching 〈Tµν(x, t)〉
[77, 78], so one way to interpret our results is that the state created by a CFT local quench
is an atypical state with the given 〈Tµν(x, t)〉. This is consistent with the arguments in
[79] that the correct holographic dual (away from the classical limit in the bulk) to a local
quench state would require significant entanglement in the bulk. Thus it may be fruitful
to apply recent generalizations of the holographic entanglement entropy proposal [80, 81],
which include quantum effects in the bulk, to this kind of situation.
We can, however, provide an interpretation for the CFT state dual to the bulk geometry
of [46]. Namely, as the result of transforming the ground state of a CFT in Minkowski space
under the Lorentzian transformation given in Eq. (80). We saw in Sec. 5 that this Lorentzian
transformation can be extended to a (bulk) diffeomorphism of AdS3, given by Eqs. (76) and
(77), and that this leads to the same geometry as [46], and hence to equivalent results for
entanglement entropy, mutual information, etc.
It is instructive to compare this situation to that of a global quench. A review of the CFT
analysis of global quenches is contained in [2]. The technique for computing entanglement
entropy after global quench in CFT2 is the same as that described in this paper in Sec. 2,
but with a different conformal map: zgq = exp(piw/2τ0), where τ0 is inversely proportional
to the initial mass gap. Thus, one may also compute the mutual information for a pair of
intervals using Eq. (41). There is again a universal regime for equal length intervals that
are sufficiently well separated. In that case, one can show that there is again long range
entanglement in the sense of non-decaying mutual information between intervals separated
by arbitrarily large distances.8 The asymptotically AdS3 Vaidya geometry, corresponding to
a shell of matter falling from the conformal boundary and collapsing to form a black hole,
has been proposed as the holographic dual to a CFT2 global quench [82–84]. In [43, 44]
the authors studied holographic mutual information and found that the mutual information
between two intervals decayed logarithmically in the separation distance until transitioning
to zero, just as we found in this paper and just as in pure AdS3. The situation is thus
closely analogous to our results for a local quench, indicating that the CFT global quench
state has stronger entanglement properties than the state dual to the AdS3 Vaidya geometry.
We note that there have been several studies of quantum corrections to such holographic
thermalization setups [85–87]. In addition, the recent paper [45] has proposed a different
holographic dual to a global quench, which seems to match the CFT global quench state
more closely in certain respects. It would be very interesting to study mutual information
in these setups and to investigate whether such ideas can be applied to local quenches. We
the quench event and simply take the state just after the quench as an initial condition that we may
evolve forward and backward in time (with the connected CFT Hamiltonian).
8 The formula for entanglement entropy of multiple intervals in this regime was already given in [14] (App.
C), up to an unspecified asymptotic value SA(∞).
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plan to pursue these questions in future work.
Our results indicate that the state produced by a local quench provides an example of an
Einstein-Podolksy-Rosen (EPR) pair in CFT. More precisely, the state contains a separated
pair of excitations in an entangled state with mutual information of order the central charge
c (a traditional EPR pair has mutual information of order log 2). There have been several
recent papers discussing the holographic dual of an EPR pair in the boundary CFT [81, 88–
92]. In particular, in [88] the authors propose a conjecture that they summarize as “EPR =
ER,” roughly, that an EPR pair in a holographic CFT is dual or equivalent to an Einstein-
Rosen (ER) bridge in the bulk. Our results indicate that the EPR type state created by
a local quench is not dual to the source-free classical bulk geometry with the matching
holographic energy-momentum tensor. It would be interesting to investigate further the
relation of our results with the conjecture proposed in [88].
For applications to more general holographic dualities and on general grounds it is natural
to consider local quenches in higher dimensions. Unfortunately, many of the CFT results
we used do not hold in higher dimensions, so a direct CFT calculation would be difficult.
However, see [93] for recent results on the mutual information in higher-dimensional CFTs
(in the ground state). We expect certain qualitative aspects, which follow from the localized
creation of entangled particles, would also hold in higher dimensions. Numerical simulations
on higher dimensional critical spin chains should be possible and would provide valuable data
on such processes. Another direction to pursue would be to use measures of entanglement
other than the mutual information, such as entanglement negativity, which has been recently
analyzed in detail in two dimensional CFTs [94, 95]. Finally, in the ultimate pursuit of the
holographic dual of a CFT local quench of the kind considered here, it may be useful to use
the AdS/BCFT proposals in [72, 73, 96, 97], as in [48] (see the note at the end of Sec. 8), or
to modify the bulk in various other ways, such as by adding more complicated sources, as in,
e.g., [89, 90], attaching additional boundary regions, possibly with different asymptotics or
different signatures, as in, e.g., [45], or including bulk quantum effects, of the kind proposed
in [79] or in the recent studies [80, 81]. At the practical level, the alternative method for
computing the holographic entanglement entropy discussed in Sec. 8 could be useful for
performing calculations in some of these more complicated setups.
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Appendix A: Cross-ratios and non-universal factors
In this Appendix we discuss in detail the cross-ratios and non-universal factors that were
introduced in Sec. 2.3. In particular, we are interested in finding the regimes where these
cross-ratios go to 0, 1 or ∞ so that the functions F˜n,2N → 1. In this regime the results for
the entanglement entropy in Eqs. (24) and (25) (and subsequent) are universal, up to an
additive constant, and the result for the mutual information in Eq. (41) is also universal.
For any four points za, zb, zc and zi in the complex plane the cross-ratio is defined as
9
ηi ≡ ηabci ≡ (za − zb)(zc − zi)
(zc − zb)(za − zi) (A1)
and is invariant under global conformal (Mo¨bius) transformations acting on za, zb, zc and zi.
From Eq. (A1) we see ηa =∞, ηb = 1, and ηc = 0, while for i 6= a, b, c, ηi depends nontrivially
on za, zb, zc and zi. For a general collection of 2N points we have, then, 2N−3 independent,
nontrivial, conformally invariant quantities. Note that the choice of which points to call za, zb
and zc is arbitrary, and any choice results in 2N − 3 independent, nontrivial cross-ratios.
The correlators we need to compute, in Eqs. (18) and (22), correspond to an eight-point
and a four-point function in the z plane, respectively. Conformal symmetry can be used to
show that a general 2N -point function does not depend on the locations of all 2N points
separately. Instead, they can be written as a function of the 2N−3 cross-ratios {ηi} described
above [2, 98].
Let us begin by considering the entanglement entropy of one interval, which, in the
notation of Fig. 2, corresponds to the insertion of twist operators in the W plane at w3 =
`1 + iτ , w4 = `2 + iτ , where we assume without loss of generality 0 < |`1| < `2. Under the
mapping in Eq. (11), these endpoints correspond to zp = `p + iτ + ρpe
iθp where
ρ2p =
√(
2 + `2p − τ 2
)2
+ 4`2pτ
2 , θp =
1
2
tan−1
2`pτ
2 + `2p − τ 2
, (A2)
and p = 1, 2. The associated cross ratio has been computed in [1, 2] and in the notation of
Fig. 2 reads:
η ≡ η3645 = (z3 − z6)(z4 − z5)
(z4 − z6)(z3 − z5) =
(z3 + z¯3)(z4 + z¯4)
(z4 + z¯3)(z3 + z¯4)
. (A3)
The expression simplifies in the limit `1, `2, t  and the real time evolution is obtained by
analytically transforming τ → it. The computation is simplified by the observation that in
this limit we have:
ρp cos θp → max[`p, t]
(
1 +
2
2 [(max[`p, t])2 − (min[`p, t])2]
)
+O(4) (A4)
ρp sin θp → imin[`p, t]
(
1 +
2
2 [(min[`p, t])2 − (max[`p, t])2]
)
+O(4) (A5)
and leads, to first nontrivial order in , to [1, 2]
η(t < |`1|) =
{
2|`1|`2
(`21−t2)(`22−t2) `1 < 0
4 `1`2
(`1+`2)2
`1 > 0 ,
(A6)
9 Here we use the definition in [1, 2].
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η(|`1| < t < `2) = 2`2(`1 + t)
(`1 + `2)(`2 + t)
(A7)
η(t > `2) = 1 . (A8)
When η ' 0, 1 or ∞, the function F˜1,2(η) goes to one. This happens, for instance, for all
times when `2  |`1| or for |`1|  `2 − `1(> 0), and in these cases the results for the single
interval entanglement entropy in Eqs. (33)-(34) are universal.
Notice that the cross-ratio associated with an interval to the left of the quench with
endpoints at (in the notation of Fig. 2) w1 = −`2 + iτ , w2 = −`1 + iτ , with 0 < `1 < `2 is
also given by Eq. (A3) and Eqs. (A6)-(A8), as expected. However, the singular behavior of
the map (11) for points in the left half plane in the `1, `2, t  limit does not allow one to
recover the explicit expressions (A6)-(A8) as a limit of η1827.
For the entanglement entropy of two intervals there are five distinct cross-ratios ηi ≡ η364i,
with i = 5, 7, 8, 1, 2. We already computed η5 in Eq. (A3) and it is instructive to look at the
explicit expressions of the remaining cross ratios for the cases of symmetric intervals about
the quench and of two intervals on the same side of the quench, which are discussed in detail
in the main text.
For two symmetric intervals of equal length ` separated a distance d about the quench,
to leading nontrivial order in  the independent cross ratios are η5 with `1 → d2 , `2 → d2 + `
and:
η7 =

d(d+2`−2t)
(d+`)(d−2t) t <
d
2
`(d+2t)
(d+`)(2t−d)
d
2
< t < d
2
+ `
1 t > d
2
+ `
η8 =

d(d+2`−2t)
(d+`)(d−2t) t <
d
2
(d+2`−2t)2(4t2−d2)
42(d+`)(d+`−2t)
d
2
< t < d
2
+ `
1 t > d
2
+ `
(A9)
η1 =

d(d+2`−2t)
(d+`)(d−2t) t <
d
2
((d+2`)2−4t2)(4t2−d2)
42(d+`)2
d
2
< t < d
2
+ `
(d+`)(d−2t)
d(d+2`−2t) t >
d
2
+ `
η2 =

d(d+2`−2t)
(d+`)(d−2t) t <
d
2
((2t−d)(d+2t)2(d+2`−2t)
42d(d+`)
d
2
< t < d
2
+ `
(d+2`)(d−2t)
(d+`)(d+2`−2t) t >
d
2
+ `
(A10)
Notice they all go as 0, 1 or∞ for all times if the scales set by the intervals length and their
distance are well separated, that is if `/d 1 or d/` 1.
In Section 3.3 we consider two non-overlapping intervals on the same side of the quench:
A = [`1, `2] = [x, x+ `], B = [`3, `4] = [x+ `+ d, x+ 2`+ d] with x, `, d > 0. The cross ratio
η5 is given by Eqs. (A6)-(A8) with `1 → x+ `+ d and `2 → x+ 2`+ d, and the others read:
η7 =

2(x+`+d)(2x+3`+d)
(2x+2`+d)(2x+3`+2d)
t < `3
(2x+3`+d)(x+`+d+t)
(2x+3`+2d)(x+`+t)
`3 < t < `4
1 t > `4
η8 =

2(x+`+d)(2x+2`+d)
(2x+`+d)(2x+3`+2d)
t < `3
(2x+2`+d)(x+`+d+t)
(2x+3`+2d)(x+t)
`3 < t < `4
1 t > `4
(A11)
η1 =

2(x+`+d)(2`+d)
(`+d)(2x+3`+2d)
t < `1
2(x+`+d)(x+2`+d−t)
(2x+3`+2d)(x+`+d−t) `1 < t < `3
4(t−x)(x+2`+d−t)(t2−(x+`+d)2)
2d(2x+3`+2d)
`3 < t < `4
(2`+d)(x+`+d−t)
(`+d)(x+2`+d−t) t > `4
(A12)
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η2 =

2(x+`+d)(`+d)
d(2x+3`+2d)
t < `2
2(x+`+d)(x+2`+d−t)
(2x+3`+2d)(x+`+d−t) `2 < t < `3
4(t−(x+`))(x+2`+d−t)(t2−(x+`+d)2)
2d(2x+3`+2d)
`3 < t < `4
(`+d)(x+`+d−t)
d(x+2`+d−t) t > `4
(A13)
and one can verify that once again ηi ≈ 1 or ηi → ∞, as the length to separation ratio
`/d tends to zero and the distance from the defect to separation ratio x/d tends to zero or
diverges.
For equal length intervals situated asymmetrically about the quench A = [−(`1 +`),−`1],
B = [`2, `2 +`] with `1, `2 > 0, the cross-ratios have more complicated expressions. However,
they still approach 0, 1 or ∞ for `1, `2  ` and `1, `2  `.
More generally, whenever there is a large separation of scales one expects universal behav-
ior. We do not perform a complete analysis of the cross ratios here, but it is straightforward
to calculate their values in any given configuration and to determine the universal regimes.
Appendix B: Geodesics in the falling mass geometry
In this Appendix we review the geodesic solutions of [46] in the falling mass geometry.
To construct the geodesics joining the boundary endpoints (t∞, z∞, `1), (t∞, z∞, `2) in the
asymptotically Poincare´ AdS geometry, the strategy is to first construct the geodesics in the
global metric, Eq. (94),
ds2 = −(r2 + 1−M)dτ 2 + dr
2
r2 + 1−M + r
2dθ2 , (B1)
connecting the endpoints
τ (i)∞ = tan
−1
[
2t∞α
α2 + `2i − t2∞
]
(B2)
θ(i)∞ = tan
−1
[
− 2`iα
`2i − t2∞ − α2
]
(B3)
r(i)∞ =
1
z∞α
√
`2iα
2 +
1
4
[`2i − t2∞ − α2]2 (B4)
for i = 1, 2, and then apply the coordinates transformation in Eq. (87)-(89). Recall that
τ
(i)
∞ ∈ [0, pi] (τ (i)∞ ∈ [−pi, 0]) for t∞ ≥ 0 (t∞ ≤ 0) and θ(i)∞ ∈ [0, pi] (θ(i)∞ ∈ [−pi, 0]) for `i ≥ 0
(`i ≤ 0).
Parametrizing the geodesics by the geodesic length λ and using the symmetries of the
metric (B1), the geodesic equations can be written as
(r2 + 1−M)dτ
dλ
=
A
B
(B5)
r2
dθ
dλ
=
1
B
(B6)
−(r2 + 1−M)
(
dτ
dλ
)2
+ r2
(
dθ
dλ
)2
+
(
dr
dλ
)2
1
r2 + 1−M = 1 (B7)
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where A and B are integration constants. It follows that(
dr
dλ
)2
=
A2r2 + (B2r2 − 1)(r2 + 1−M)
B2r2
. (B8)
We can trade the λ dependence for r to obtain the ± branches:
dτ±
dr
= ± Ar
(r2 + 1−M)√A2r2 + (B2r2 − 1)(r2 + 1−M) (B9)
dθ±
dr
= ± 1
r
√
A2r2 + (B2r2 − 1)(r2 + 1−M) (B10)
and the geodesic length
L =
2∑
i=1
∫ r(i)∞
r∗
dr
Br√
A2r2 + (B2r2 − 1)(r2 + 1−M) . (B11)
Here
r∗ =
√
1− A2 −B2(1−M) +√(1− A2 −B2(1−M))2 + 4B2(1−M)
√
2B
(B12)
denotes the minimal value of the radial coordinate attained along the geodesic and we have
assumed B > 0 without loss of generality. Notice that depending on the sign of A, the
derivatives of the τ± and θ± branches have the same or opposite sign. Alternatively, we can
assume A ≥ 0, but remember that each branch τ+, τ− can be combined with both branches
θ±. In the following we first deal with the case A > 0 and discuss the specific case A = 0 at
the end.
The geodesic equations (B9) and (B10) can be integrated using∫
dx
x
√
R
=
1√−a sin
−1 2a+ bx
x
√
b2 − 4ac , (B13)
where R = a + bx + cx2, a < 0 and ∆ ≡ 4ac − b2 < 0, respectively with x = r2 and
x = r2 + 1−M , to obtain
τ±(r) = τ 0± ±
1
2
√
1−M sin
−1 −2A2(1−M) + (A2 −B2(1−M)− 1)(r2 + 1−M)
(r2 + 1−M)√(A2 −B2(1−M)− 1)2 + 4A2B2(1−M)
(B14)
θ±(r) = θ0± ±
1
2
√
1−M sin
−1 −2(1−M) + (A2 +B2(1−M)− 1)r2
r2
√
(A2 +B2(1−M)− 1)2 + 4B2(1−M) . (B15)
To compute the entanglement entropy associated to an interval `1 ≤ x ≤ `2 at time t∞
on the spacetime boundary in Poincare´ coordinates, we fix A, B and the four integration
constants τ 0±, θ
0
± with the joining conditions
τ+(r∗) = τ−(r∗) (B16)
θ+(r∗) = θ−(r∗) (B17)
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at the geodesic turning point, and assuming τ
(1)
∞ < τ
(2)
∞ , the boundary conditions
lim
r→∞
τ+(r) = τ
(2)
∞ lim
r→∞
τ−(r) = τ (1)∞ (B18)
lim
r→∞
θ+(r) = θ
(2)
∞ lim
r→∞
θ−(r) = θ(1)∞ , (B19)
or
lim
r→∞
τ+(r) = τ
(2)
∞ lim
r→∞
τ−(r) = τ (1)∞ (B20)
lim
r→∞
θ+(r) = θ
(1)
∞ lim
r→∞
θ−(r) = θ(2)∞ . (B21)
Thus for each pair of points (τ
(1)
∞ , r
(1)
∞ , θ
(1)
∞ ), (τ
(2)
∞ , r
(2)
∞ , θ
(2)
∞ ) there exist two geodesics of bound-
ary separation, in the θ coordinate, respectively |θ(2)∞ − θ(1)∞ | and 2pi − |θ(2)∞ − θ(1)∞ |.
Defining:
∆τ∞ ≡ |τ (2)∞ − τ (1)∞ | =
1√
1−M
[
pi
2
+ sin−1
−B2(1−M) + A2 − 1√
(B2(1−M)− A2 + 1)2 + 4A2B2(1−M)
]
(B22)
∆θ∞ ≡ |θ(2)∞ − θ(1)∞ | =
1√
1−M
[
pi
2
+ sin−1
B2(1−M) + A2 − 1√
(B2(1−M) + A2 − 1)2 + 4B2(1−M)
]
,
(B23)
we have
A =
∣∣∣∣sin(√1−M∆τ∞)sin(√1−M∆θ∞)
∣∣∣∣ (B24)
B =
1√
1−M
∣∣∣∣cos(√1−M∆τ∞)− cos(√1−M∆θ∞)sin(√1−M∆θ∞)
∣∣∣∣ , (B25)
while the geodesics satisfying the boundary conditions with boundary separation 2pi−∆θ∞
instead are obtained by replacing ∆θ∞ by 2pi − ∆θ∞ in Eq. (B24)-(B25). Applying the
coordinate transformation in Eq. (87)-(89), we finally obtain the geodesics in the falling mass
geometry in Poincare´ coordinates. In Fig. 23, we plot an example of the two solutions for a
given boundary separation and time. In presence of multiple extremal solutions in a time-
dependent background, the prescription of [33] to compute holographically the entanglement
entropy amounts to taking the minimal length one.
To decide which one has minimal length, we compute the geodesic length, Eq. (B11),
L =
2∑
i=1
∫ r(i)∞
r∗
dr
Br√
A2r2 + (B2r2 − 1)(r2 + 1−M)
= ln
(
r(1)∞ r
(2)
∞
)
+ ln
4B2√
(B2(1−M) + A2 − 1)2 + 4B2(1−M) , (B26)
where we have used ∫
dx√
R
=
1√
c
ln
(
2
√
cR + 2cx+ b
)
, (B27)
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Figure 23: The two solutions for an interval `1 = −3.44, `2 = 2.06 at t∞ = 1.93. The geodesic of
minimal length is the red dashed curve. The particle trajectory is the black dotted curve and here
we have set α = 1, M = 0.4.
for R = a + bx + cx2, with c > 0, x = r2 and taken the limit r
(i)
∞ → ∞. Using Eqs. (B24)-
(B25), Eq. (B26) becomes
L = ln (r(1)∞ r(2)∞ )+ ln 2| cos (√1−M∆τ∞)− cos (√1−M∆θ∞) |1−M , (B28)
where ∆θ∞ should be replaced by 2pi −∆θ∞ for the second solution. Since
cos
(√
1−M∆τ∞
)
− cos
(√
1−M∆θ∞
)
=
2B2(1−M)√
(B2(1−M) + A2 − 1)2 + 4B2(1−M)
> 0
(B29)
and cos(
√
1−M∆θ∞) ≥ cos(
√
1−M(2pi −∆θ∞)) for ∆θ∞ ≤ pi (and M ≤ 1), the length,
Eq. (B28), of the geodesic of minimal length becomes
L = ln (r(1)∞ r(2)∞ )+ ln 2 (cos (√1−M∆τ∞)− cos (√1−M∆θ∞))1−M , (B30)
if ∆θ∞ ≤ pi, and with ∆θ∞ replaced by 2pi −∆θ∞ otherwise.
If A = 0, it follows from Eq. (B9) and the joining condition at the geodesic endpoint,
Eq. (B16), that τ+(r) = τ−(r) = const. Notice the minimal radial value attained along the
geodesic is now r∗ = 1|B| . From the boundary conditions (B2)-(B3), it follows that this case
describes a symmetric interval with −`1 = `2 ≡ ` and −θ(1)∞ = θ(2)∞ ≡ θ∞ for 0 < θ∞ < pi.
For A = 0 the solution (B15) reduces to
θ±(r) = θ0± ±
1
2
√
1−M sin
−1 −2r2∗(1−M) + (1−M − r2∗)r2
r2(1−M + r2∗)
. (B31)
Imposing
θ±(r∗) = 0 (B32)
lim
r→∞
θ±(r) = ±θ∞ , (B33)
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we obtain
θ0± = ±
1
2
√
1−M
pi
2
(B34)
θ∞ =
1
2
√
1−M
(
pi
2
+ sin−1
1−M − r2∗
1−M + r2∗
)
, (B35)
so that explicilty
θ±(r) = ± 1
2
√
1−M
(
pi
2
+ sin−1
−2r2∗(1−M) + (1−M − r2∗)r2
r2(1−M + r2∗)
)
. (B36)
The length, Eq. (B28), of the the symmetric geodesic is given by
L = 2 ln 2r∞ sin(
√
1−Mθ∞)√
1−M , (B37)
where r∞ ≡ r(1)∞ = r(2)∞ . The second solution, satisfying the boundary condition
lim
r→∞
θ±(r) = ∓θ∞ , (B38)
has length given by Eq. (B37) with θ∞ replaced by pi− θ∞ and is the one of minimal length
for pi
2
< θ∞ < pi.
In Fig. 24, we plot the minimal length geodesics that compute the entanglement entropy
in the falling mass geometry for various values of the boundary time and interval choices.
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Figure 24: Geodesics of minimal length for: (A) t∞ = 1, `1 = −3, `2 = −2, 0, 2, (B) t∞ = 1,
−`1 = `2 = 1, 2, 3, (C) t∞ = 1, 2, 3, −`1 = `2 = 2. The particle trajectory is the black dotted
curve. In the plot, we have set the parameters α = 1 and M = 3/4.
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